ADVKRTISKMKNT 

Tlin Smithsonian Insliluliun has inaiiitainnl fur many years a f;rnup of 
pul ilira tit ms in tin 1 na I lire nl' hundy In inks of information on ;;eoi;raphieal, 
meteorological, physical, ami malhrmaliral sitlijei'ls, These ini'ludt'. l.lm 
Smithsonian ( Inwaphieal Tallies (thin I edition, rrprinl, i<nK); the Smithsonian 
Meteorological Tallies (fourth revised edition, loi.H); (In- Sinithsuniaii I'liy^ifal 
T:th!i':i (st'vi'iilli rrvisrd I'dition, nj..'i); ami tin- Smithv.unian Mallirmalifal 
TaltU 1 :!: I lypfi'liolit' iMini'lioiis (sn'oml rrprinl , nj-'i). 

Tin' imvirnl vuhmu' coinpriiii-s lln- mosl imporlanl fuiinular ol many linuicliis 
of applied iiialhrmiilif:;, an illn-ilralnl dist'iit.sidit tit' thr mrllioih of iiurhaniral 
inlrgrral inn, and lidilc:, <>!' rlliplit ftmrlioii';. 'I'hr \'H|HIIU I has Urn ruinpilnl liy 
|)i'. I 1 '.. I'. Ailainti, nl I'linirlon University. I'm!'. !'. K. .Mmiltnn, of Ilic Univrr. 
sily "I { 'hii ;i|',o, nmlrilmlnl Mir in-ilinn <in mimnital t;ulnliou nl ditlVri'iitiid 
ci|iialiiiir>. Tin- lalilrn nl' fllipl ir 1'inn lions were prepared liy Col, K. L. 1 lippislry, 
( '. H., nndi'i tin' direi linn of Sir ( Ji'iirjjf ( H'eenhill, I tail., who has ( nnlril ailed llui 
inli'ndm'linn In lln".i- lalile;<. 

'I'lu- inmpilrj', |)r. Adiinni, and tin- Smilh'inniaii Inslihilinn an- indelilnllu 
many |ihy^hi>l'. and miitheinaliriiins, espei ially In Ih 1 . II. 1.. Cnrli*. and nil" 
li-ajnii 1 i nl llie Itnreau of Slandards, 1'nr ad\'ii'c, < riiu ism, and i onpeialion in 
thr pu^paialioti of this volume. 

ClIAKt.l'.S ll. \V\irtill. 

.S'ciiv/'MV tiff Sruiilixiitiiii: lm-lilitti>>n. 



PREFAOIJ 

The original object of this collodion of nmlhcmulirul furnmhu- wu-i h. l.ri, H 
(Jt r ompactly, Home of the more usrful n*H uf ,.mlliniml....l -> 
t I bc2n of those who regard nMhcnmtics as ,i -1, ,! ,,. ,,- , ; n< m 
itself. There are many such mull* thai arc diflu-iil In mn.mb,, . > ..... ul. 
is not constantly using them, and to find lhm on, W ,,bli*-d in U.I, ih.M,, R h u 
number of books which may not immcdhudy be, an.^.1.1.', 

A collection of formulae, to meet the nbjrcl ..f ll.r I.IVM-I.I ',<, miir.l hr 
largcly a matter of individual Bcfcclion; fir H.is ivasn.i llu-. V..UM.I.* n iv,,,I 
in an interleaved edition, so llml tuMitinns, mn-littK imlivuhiiil iu-r.1-. iiiy hi- 
made, and be readily available for refitreiiu', 

It was not origiiudly intemk-d to inclmlr any lublrs ..f fitmiM-m t im-. 
volume, but merely to give references lo Mich liil.lcs. An rvrpllmi ;i^ nimlr. 
however, in favor of the tables of elliptic functions, ntlntl.Unl, u Sir t ( ri.i rt r 
GreenhiU's new plan, by Colonel Ilippisley, wliii-lt wen- f.tiiiuiiih-ly M-nunl (ur 
this volume, inasmuch as these tables arc not otlirivvw iivuilal.lr. 

In order to keep the volume within reasonable ImumK mi lul*lf. n( imlrlinilr 
and defimtc integrals have been inchulcd. l-'or a liricf . ,.!!( iit-n, llml ( I In- 
late Professor B. 0, 1'eirce can hardly lit; improved ii|ini; uiul Ilir rliit'ttttitf 
collection of definite integrals by UiertiiiH dt: llaan show lu.w itirtilnimiir ny 
brief tables of definite integrals would ttu. A sliori list "f UM-lnl ih!ri nj llii- 
kind, as well as of other volumes, lmviK an object similitr in tlth* nnr. i . u 

Should the plan of this collection meet with favor, il is Impnt tlml ?-u 
for improving it and making it more Kenerully \iscful ntuy hi* irtr 

To Professor Moulton, for conlrlbulliiK i\w t'lmptrr tm tlir 
Integration of Differential Equations, und to Sir tit-urKc Crrt-ultill, (r hi* 
duction to the Tables of ]ClH])llc I'nnt'tionsi, 1 vvMi to i*\prcM my Hi 
And I wish also to record my obligations to ihc Smi-lan- of \\w SnuiUviiinn In- 
stitution, and to Dr. C. G. Abbot, Armani Smolary t.f the InMlniiiMii, fur i\w 
way in which they have met all my HuggtiHtloim with regard i< lhi vUnr. 

K, 1*. 
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SYMBOLS 

log logarithm. Whenever iisal Ilit: Nupn'iun i'wmllnit in 
To find the common logarithm lo \r,\w in: 
login <r rj 0.4,1-130 . . . I")! " 



I Factorial, l where n is an ii 

Equivalent notation t!i 

4= Does not equal. 

> Greater than, 

< Less than. 

^ Greater than, or equal lo, 

^ Less than, or equal to. 

Qjj Binomial coefficient. -See 1,01. 

* Approaches, 
| (in* | Determinant where an, is llio dctiuml in tin- iih rmv ..n-l H\i *<> 

a (a;' 1 ' A-*' ' ' ' '} l ' <imcl ' oiml determinant. Si-c 1.37. 
. Ul Absolute value of . If n [ u md (|tmuiity U-i 'Miu(tni.,ii 

without regard to sign. If a Is o.mpU'v ([iiitntiiv, .t - u 

.| ft I - modulus of a M .|-Va' J ! /i 1 , 
*' The imaginary - -i-\/"~ "T, 

2) Sign of Bummallon, i.e., 2*^ (, |- ((a .(. t) , i- . , , , j ()w , 

*-! 



11 Product, i.e., TT(i + kx) (i H. ; 



I. AIXM'VBR/Y 

1.00 Al^ln-uir Idtwtitiru. 

i, ti- l>" (<i 'MOi" ' I-'/" ''!> 'Mi ; '/r.|- ..... I- "ft"'* -I- ft"" 1 ). 
a, a" ;i; /" - (./ I- /0("" ' ' "" *'' I' "" : 'ft' J "- ..... >: ((/ '" " - h ''" '> 

// ntlil; uppri' si|;n. 

n uvrn: lower Kitfii. 



3. (.v | .i,)(.v ! ia) 

/'l < <f| M 



7'fe - Mini nt nil llu: pwdurLrt of lliti (f*H tukcu /,- Jit a lii. 

V 1 ,, - iMr'u'J:i .... "... 

4. (.(' J I ft a )(a a I /t j ) - {-(a r /'/i}- 1 Oi/i i; /*a) a . 

5. Or 1 - /r)(a y - /.i- 1 ) - (a ,i: ^)' J - (& -i- /'a) 3 - 

(i. (H' J 1 /.' J -I- ./ J Hft' 4 I P -I- Y J ) - (ft -i- W -I '7) vl -1- (ft7 W 'I- (' ; 



7. (,i -I ft 9 I- r y I ^ J )(CI' 4 ! /^ ! -I- 7' J I' ^ -' ( 'I' '^ ' 'T ! ( ' 

I- (.;/! - *a -I- fi '/7V 4 I (ay /'fi - i:a I- J/J) 8 I- (rffi I ''7 - ffl - da)". 

H. (( - //)" I (*nl I /") y - ('"' ! /') a I ('"' - '">' J . 

(>. (" !/')('' 1 'K'l")- (" 1 '' I *')("/' * '"' |l '" 1 '"'"'' 

to. (it I /Ot/i 1 )(' I i) - <i s {/ H) I /'V I ") 1 '^' 1-f'H- *'' 

n. (n I /'H'' I 'H' Ml) ~MM-t') I '"(' I ) Mi/'dH- ') -I' ''' 



l.V (/ - il)(tr - ')((' ..... /O - tP(e "" '0 -I' ''"(" - ''I ' f "t 

li|. (A - )(c - ")(' - /') - "C' 1 - '*> " Hf* - *) -I' '' 

15. (A - )((.' - )(r - /O - /'(<' - ft) t f( - '') 1 ' 

ift. (.1 W* + /' tf) 8 (<' ) 9 - aC(" 
+ <e ~ flX* - Ml 

17. fl'Cft 1 - f'' 4 ) ! ^(f 1 - *) 'I" ^C" 1 M ft 1 ) " 

18. ( H ft 4- 0(fl ^ ft a 4 c l ) ftf(ft + c) H- mO' 4 ) i' *( "'' ft '' ( ' ^ 

1 9 . (a H- ft H- r)tte + en + ft) * (* -I- <) -I' W- ' > + ^C* + ft) + .^ 
ao. (ft 4- e - )(c H- a - 6)(ft H- ft - *') " ^ + t) + *( + a) "I" *( *l* & ) 



2 MATinWATICAr. WltMUL.K AND lai.ll'lir I I'M U"V; 

21. ( + 6-M)(-<H-H- 0(" ft I ''K'' !'' i! < lV ' : > |V ' 

~(fl.''-M''-K l ). 

22. (o -!- i -I- c -I- rf) 3 -l-(fl -l-ft-p- 

o4(ft*+ft B -M 8 -M a ). 
If /I = <m-|-/>7 -K/* 
# /3 -I- ia 4 ("7 
C 1 ^ (1 -I- /;^ -I- ea 



23. a-M-l-ta.|-l-7--' 

24. [a 8 H-4 a -hc 3 "(rtft-l-/ : -l-''" 

= /12.|.;js-l-C" J .-.. f/I/f-| 

25. (. 3 -!- 6 3 -I- c 3 - ,i(//;)(a ;l -|- /I 1 



1.200 The expression 

J(x) rt ft v n -|-n,.v" ' -| if. ; .v" '- 1 | ...... ( .! , i .( 

is an integral ratiomil fuuclitin, or u [iiilyiniiiiiiil, ii tin- mh .!> -^n ,- in 

1.201 The uquiiliim /(.v) o hits nutht which nmv IT MM! KI u.nip 
Linct or repeated. 

1.202 If the roots of (he eqimlinn /(.v) --o un- n, i ; , , . ,, > . 

/(.v) - n(.v (|)(.v - c a ) ,,,.., (A' ,,,t 

1.203 Symmetric function* of the runts an- r\pivv>hin-, &\m\' ..n.ii 
biiiations of tliu roiKs in terms of ihc ftu:lliririH'i. A ...... is; iltr itur m\\ 



"i 



1.204 Newton's Theorem. Tf .v* ilmiotw lltr mutt t.f d,r /j), i,,,.^, ; ( 

roots of /(;v) o, 

* ft j, 

**"0 -hfa-l- H M 

Ifll -I' ,T](I|| 

3fla -I- .^irti -I- .Vjjflo - o 

30,1 -I' $\(19 -\" W/| f- .VatFn - 



AUIKIWA 

or: 




flu 

'l"i"",! a*fa a Hi* 

Wi/,, 11 "'W" 



1..206 If .SV ilnuiUs (tir sum of | he nviprnnibi nf lilt- Jtlh power* of nil tho 
rnuls of llui L'tuiiLlinn /(.v) o: ; 



i//,, i | .SV'i. < o 

J'/f. V! f .V|fi..l I .Vy(/ n > (1 

,V' :i I .Vi"n '4 !' iS'ai'ii t 1 tS'at/n '- O 



. 
lfl 



1,220 If/f,v) Is iliviilt'fl liy .v - A lln- 

/l,v) - (,v 

(> Is I!H- ((lutiicnl ami A' tin; rriiititinli'r. Thw upt'raiiun nniy IK- n-arlily per- 
ftiruH-tl as fnlluwfij 

\Vriu- in lint* llu- viilm-s nf .1,,, Hi , tf uny JHWIT of ,v is mMng 

write a in i\w n.rri'^M.miiiiK I'J't*'' 1 - Jfulliply n n liy A and plitre llir pr.Hlue! in 
UK; twruitil Hnr untirr .1,; ttrlil tn ,i, uml place tin- Mint in tltr ihir.t lint' umfcr t . 
Multiply llii Mini liy A utid pliu-t* tin- pMucl in Ihc wi-rnwl lino under a l dd 
lo ih mid phit-c the sum in ih<? third line under it*. C'tntlinu^ lliifi wriw C 
opmuiona unlll iht- third line is full. The hittt u-rm in llut third lint; is Ihc 
remainder, K, The lirsl term in the ilrird tinv, which w . it the rneffieient of 
H ' in the quuticiu, (>; Lhe wtcond term is the coefficient uf x*~*. and HU on, 



4 MATHEMATICAL FORMULA ANJ) KI.Ul'TK,' FUNCTIONS 

1.221 It follows from 1,220 that /(It) A 1 . This tfivcH a convi'iiit'iil way ul 
evaluating f(x) for x - It. 

1.222 To express f(x) in the form : 

/00 = 4 (-/0 H + /iiCv-A) l '- l + -Mn-iCv //) -I ,!. 

By 1.220 form /(A) =/!,,. Repeat this process willi rudi (|iiulii't)t, ami Ihi; 
lasL term of each line of sums will lie u .succeeding valut: of llir M-rirs <>f ru* 
efficients /!, /l_i, , /lo. 

Example ; 



Tlius ; 
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TRANSFORMATION Of EQUA'l'IONH 

1230 To translorm the equation /(.v) - o into one whom- mm, l| | W VP thdr 
signs changed; Substitute -a- for s. 

1,231 To transform tho cqimlion/(.r) . o inlo one who*- rnoi* rc oil mulli- 
plied by a constant, m: Substitute */w f r v 



AM1KHNA 



thr upper sif'ii he.iii}' used if ihr runts urr In he fliiuinished and Liu* lower nif-n 
if they arr In Im hit-reused, Thr refill iiiff equation will lir; 

whrrr ,/"(>) is the lin.l derivative of /(.v), /"(.v), Ihr .semnd derivative, rtc. 
Thr iVMtilliiii; ri|imlinii may aliitt Itr wrillrn: 

'"A 1 " " --ll'V 11 ' I .-ISA" 1 " I -|-.-!,,.|.V-|..-I (1 ..() 

wlu-rr ihr ntellirieiihi muy he found hy Ihr metliod of 1,222 if Ihr roots arr to 
he diminished. Tn inrivasr l!ie, ronls Ity h chuiu^ Ihr \*\\\\\ of //. 



MW.TH'M; IttlltTit 

1.240 If t H it multiple mm nf /(,v) o, nf order HI, i.e.. irpeutrd m limes, 
thru 

/(.v) - (.v .)"(,- A'-o 

i' in tdtto il mnlliplr nml nf niiirr m r nf thr f'n.'it derived equation, /'(,v) oj 
of order m A of thr wcum! derived etjiiatinn, /"(.v) = o, mitl w on. 

1.241 Thr ei|uiilioii/(,v) - o will have nn multiple roots if /(.) itnd /'(.v) havo 
no inmmnit iliviwir. If /-'(.v) is ihr ^rt'itleM t'uniinnii divisor of /(.v) und/(.v), 
/(.v)/'/''(.v) -/iU), iutd/t(.r) will have, nn multiple n 



1.260 An t'((iiii[inn of MI!, I ili^rtr, , htts in h-u:>i mic mil mot 
Mppitsitt* In lllill if "I.,. 

1,201 An rttiiuiuui nf even dr^nr, , IIAH oni- ptthiiivr und mu- iu'uli\r real 
if ii U iH'Kittivc, 

M'hr rqtwfitm/tv} - o lm iw many real rwiH hi'lvm-n ,v - .vi mul .v ,va 
there iire thiHi^^ nf ^11 in /(,v) ttfiwi^n .v ( nml .v?. 
1,808 Unu'aritV Rule of ,SIKII; No eqimtion can Imve nmn* |*isi(ive rol 
Ihnn il hms ihunt-m nf si^n from !- In nml from - in I , in (hr ii-rmn of /(r). 
No cc|unlinn rnii have mre ntftttlu'i* nmls titan ihwc are dwngiM of ^n in /( ,?), 

Ii364 If /<*) -^ o if* pui in ihe form 

X(* - A)" } ^i(.r - A)- 1 *...... + ^i - Q 

by 1,233, ami /U, /In . . . . . T vU nre nil positive, h is n upper limit of the 
poftitiva 



6" MATHEMATICAL FORMULA AND ELLIPTIC .FUNCTIONS 

^If /(I/A-) = o is put in a similar form, and the coefficients uru all positive, 
; is a lower limit of the positive roots. And with /(- i/*) = o , It is an upper 
limit of the negative roots. 

1.266 Sturm's Theorem. Form the functions : 



x = -R t in 
) = -A> 2 in 



The number of real roots of /(*) - o between ;V , ; v, and ;v ~ r, is cmnl U, ih, 
number of changes of sign in the series /(*), /,(*), /,(.), . ' ' when r, is sul. ' 
stituted for x minus the number of changes of sign in the same series when v, 
is substituted for . In forming the functions/,, f,,, . numerinl f 
may be introduced or suppressed in order to re '""'''" ' '" l(lls 

Example ; 



4 



ri 



MX} = 



* = co 

* = 

X = -|- co 



Therefore there is one positive ami one negative real root. 

U it can be seen that all the roots of any nu f siiirm', f ...... 

nonary it is unnece.ary to ealcuiate any ^ , ^ ^ " re 

^::=r%^^ ^tr, - , lhc ^ ^ 

f and /, I this ease the of ( "al ro f / , " 'T ''"'I'"'"" ''"'"" '" 

-i-ixsasssaa- '"? = - 

arc successively substituted in them MIIC ^'^/" -.A when .r, and.r a 

'S^^'St'S rt 7 o f rools 

Arrange the coefficients in two rows; 



01 









AT.GKIWA 

Voi'in a third row Ity cniss-nnillipliciilinn: 



.trni a. fourth row liy operating on these lasl Iwo rows Ity u similar cniM- 
ulliplir.alion. ('niilinuc this operation unlil there me no terms left. The 
imhei' of variations of si^n in tin* lirsl. column tfivi'S tlio mimhcr of rocit:i 
:tus(! real parts arc positive. 

If there aro any n|iiitl roots mumi of tin- jiulifmliary funrliou!* will viinisli, 
i plan. 1 of one wliicli vanidhrs wrilr tin- tlillVmitial lurllirirnl of tin* lai.l tun? 
licit docs not vanish ami prom-d in iht- namti way, A|, llu* left of rat h niw 
writU'ii llio power uf .v rorn'spunilini; to llm lirst, ;uih;iiili;tiy fitiit'limi in lliul 
w. 'I'his jiowi'r (limiuishri Ity .! for ciirh siicrri'ilinn nn-llii ii-nl in llir tow. 

Any row may he multiplied oi 1 divided Ity any pm.itive <jniiniiiy in order 

riimovi! f ructions, 



PKI'KUMINATIUN 01' Till', UliOTH (IK AN Kl. 

iOO NcwUmVi Method. If a root of the equation /(,.v) .-. o i- known tn lit? 

twr.cn ,vj and .v a its vahie can he fouml In any dished device of ii|t|tm\iiiKii[tm 

Nevvlon's inellioil. This nielhoil nin Ite applied in tfanst'endcnlal 

well an to nl^elirait: ei|iiations, 

K / is an upitioximate value of a roul, 





/"(') , . .... 
c ' , , il i-i u tnnd 

>/ (' ) 
iin protTss nwy he repealed indefinitely. 

!61 llorin-r's Mefliod foe itpproxiutaliiiK It* llu' veal loots uf /(,v) - o, 
tcL pi lit! Ihe. lii'Ht uppi'uxiiniHion, KUi'li thai />, |- i > c > /,, \vhrtv t U ilu- 
L KtMiKltt. Thi- ei[iiatioii can iilvvays he lran4onned into one in whiih l\m 
miilioii holdu hy inuliipIyiiiK ni< iliviiliitK the niu hy *tmr jMtwrr t.f iu 
'1,231, Diminish fin- roots hy /, hy 1,233. In lln- 



far '4- 
t 



jo .U i 
tl diminish the roots hy jfc/io t yidilin^ u nmtml iran^nrntnt 






8 MATHEMATICAL FORMUL/E AND ELLIPTIC FUNCTIONS 

If B n and 5,,_i arc of the same sign fa was taken Loo large and must be dimin- 
ished. Then take 

- PL = 7 V 

100 -#-! 

and continue the operation. The required root will be : 

;..' tm ^h + h. + ..... 

' 10 ioo 

1.262 GraefTe's Method. This method determines approximate values of all 
the roots of a numerical equation, complex as well as real. Write I he equation 
of the th degree 

/(*) = (W 1 - ffia;"- 1 -I- (tor"-* - . . . . d: a H - o, 
The product 



contains only even powers of x. It is an equation of (he //tli degree in x", The 
coefficients arc determined by. 

A o = (i-o 2 



The roots of the equation 



are the squares of the roots of the given equation. Continuing this process we 
get an equation 



whose roots are the a'th powers of the roots of the given equation. Put X - a', 
Let the roots of the given equation be Cl) <*,...., C H . Suppose first that 

c\ > c a > c 3 > ..... > c n 
Then for large values of X, 

*- rf -S ..... - *-,- 

If the roots are real they may be determined by extracting the Xth roots of 
these quantities. Whether they are,* is determined by taking the .sign which 
approximately satisfies the equation /(*) - . 

Suppose next that complex roots enter so that there are equalities among 
the absolute values of the roots. Suppose that 



AUWMUA '' 

Then if X is law n<HiKli *<> Hmt r,, x is law rmupiiml In C H .I\ n\ "A .... 
,;/ approximaUily satisfy llut ri|u;Ui<m: 

AV*' ( AVf" ' -I A'aH' 1 '' - . - - . -i A 1 ,, o 
ami ( ; )M i\ < : .M'A > ''"* approximalrly salisfy I he n|iiulin: 

AV<" "" A '/'ii" " ' -I- A 1 ,,, -.!" " " - ..... i A',, o. 

TJiurufoi'ti when X is liii'KO I'luuiKh Hit: nivrn c<|tialiun hmiks tlnwn inlo u nmulirr 
of Himphn- rqualioiiH. Tliirt t*uij? is ftliown in \\w \mw.w of ilrrivh^ "I"' M>'' 
cesivo i-qiialinmi wlu-n trrlain (if llw rut-Hit it-ills urr uliliihu'il fcuiu i1nv.r "( 



ncyklopinlii' tier Malh. Wism. 1, i, ;tu 
]lAiHHTttw: Applied Arrnilyntunicii, pp. ,S.S.VS"o; llir nnlulinii of a iiiiin.-iitiil 
C(iuatit)u llu! Klh thwiu IM givru liy {JnirllVii MulluHl. 



1,270 Quadratic Kquallniw. 

,v- I- -M.V t A '- f>. 
The root.* arc: 



Vi.Vj - - /'. 

jf ir' > /* rutiiri arc ri'ul, 

a a ;; /i rnnlsi ttrc tntnpli'x, 

|l a " / I'ltlUH IIIV t'(|UU(. 

1,271 (luliit: w|iUiniiM. 

(i) .Y S I- nx* I /'.v \-c o. 
SultitLlLulu 



(.0 .v 
where 



Roots of C;0 : 

If p > o, q > o. 9 a > />" 

cosh 
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y t ss 2'\/J> cosh 

*v i *~- -" f/) 

mnh 



Hillll ~ 

3 
If > o, ? < o, q z > p\ 



cosli f|) 



yi -- 2-\// cosli 



1C p<o 

slnh 



2V r - p sit 

3 



If ^ > o, 7" < 0s, 



cos t/ ( 



KM* 
3 



3 

in 4. 
m. 

1.272 Biquadratic equations. 
Substitute 

X a AJ ~ i 



ALOKHKA 



/'' 
/ 

A < 
(,< -I 



(lisrrimiiiiwt 



of lh 

A > ' i: o ]'!(|\iul nmls art; prcsrul 

'I'wn nmls only n|iml: / and ./ :ivu ntil, liuth 
Tlirwi rntttH sin; ri|Uiil: / ./< 
Two tllslincl pairs itf ^qmil nmls: </ oj 
l-'imr rootrf equal ; If I J o. 
A < o Twu real mid two complex roulM 
A > o Roots urn rillirr nil mil or nil romplc\ : 

II < o and rt,t u / "- i^W J : Roni-; nil rcid 
// > o ami H a / - u// a > o Knots sill 



1.300 A (h'terminum of ilu 1 mh nnlrr, will) u> rlrini'iil-i, i wiim-n: 

A 



li n \ 



f nH 



1.301 A (IctiirmintLiil is no! dmn^nl in value Ity wriiin rtwn fur 
columns for rows. 

1.302 If two columns or (wo rows of ilcicrminnnl rr* inirnlmnMcil llic w 
suiting tleicrmlnnni is nnchan^t'tl in value Inn i^ nf i]\c opiHmitir Migit. 

1.803 A clGlermlnnni vanishes if H has two equal cntumnt nr two equal raw*, 
1.304 Tf ench clt'.mpnl nf n rnw nr st fvilnmn ! mitliinlii^l t* ili 



12 
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1.305 A determinant is not changed in value if to widi clemi'iit of u row or 
column is added the corresponding element of anolher row or mlimm mul- 
tiplied by a common factor. 

1.306 If each element of the Ith row or column consists of Mir sum nf iwo 
or more terms the determinant splits up into the mini of two or morr de- 
terminants having for elements of the llh row or column tlui si-parali: IITIIIM uf 
the Jth row or column of the given determinant, 

1.307 If corresponding elements of two rows or columns of u dtUmiiimmt 
have a constant ratio the determinant vanishes. 

1.308 If the ratio of the differences of corresponding elemonls in llit; /'Hi and 
5th rows or columns to the differences of corresponding clcmi'iUs in llu; r(h 
and sth rows or columns be constant the delerininant vunishi's. 

1.309 If p rows or columns (if a determinant whose clnm'iiht mr raltitiml 
integral functions of x become equal or proportional when x ' //, I IK: dt'lmninanl 
is divisible by (* - A)"" 1 . 



MULTIPLICATION 0V )>K 

1.320 Two determinants of equal order may be mulliplicd.logtMlirr by 
scheme : 



where 



X b it \ " \ft,\ 



1.321 If the two determinants to be multiplied are of unr<|unl order ihc one 
of lower order can be raised to one of equal order by bordering it; i.r. ; 

rt-11 fl|3 (l\n 



On (t<& 



fla i 



<*! flirt ...... (Fu 



I 








f) 





I 














r 


















o ... flu 


UK .... <t }n 





o 


, , . (lu| 


'lira .... f/g M 
















p . . . tflll 


tint . . 



1.322 The product of two determinants may be written: 



ATXIKMIIA I 

"11 ........ f/i,, O O 

""1 tfrm O 

I'll /'I., 

O O /l (ll /( 

IMI'l'KHKNTIATKlN ill' m'.TKUMINANTS 

1.330 If the elements of a determinant, A, an; fum-tinim of u variable, /; 

"" " a \* "h. I r/n n'n ./! 

" Hl "-' "an "yi Vj tin,, 

<*'! "n'4 ...... ll,,, t ' -' 

"u t'n 1/1,1 

<'ni 'i.,-j ...... ji', in 

where (In; nccenl-i denote dilTeienlialion by l. 

(F llKTI'fiMINAS'Tfi 

1.340 Thti eonipleic e\|mii^ion .if a di'iei'iniiii.nl of the n\\\ order nmtiiinti ! 
lernw. Kurh of iliese terms contains one element from emit row and urn- ele- 
ment from cadi column. Any term may be obtained frmn the leading n-iin: 

by keeping the 1 Iirsi suffixes urn-handed and iwrmiHinff tliu m-niul 



, 

from tho itecimil suflhrK of (he k*mlin K i,rm, tHn K (HtHiiivi! if I litre i* nn cvrn 
number of inventioim nnd ncKiilivc if iht-re in an nrhl nuinlwr of invmumn. 
1.341 The cocflicicni of a if when Urn dcicrmlnani A ! fully cx(utiutcct U: 



J4 irATHKMATK'AT. l'HMI'l.,r AM* I IMI-n. 

A- is the first minor of tin- .M.-n.mun. A ...i.,-.p..>..1t.n : i.. ,.-, ; ..,) i, ;t lhf . 
icrminanl of onlcr - ' H >' '"' lt!lf - !M! " 1 ! "! m '] ^ ""-'!: -mi i|,,. lmv 
ami column which iiUcmrt in .., "i"! "miuplvnu. l,y \ ,.-*. 



l. 



A U r ; 



1,343 



is the cocflicicnl itf n^iiu i ll' (H|'|<I.' rnj-. 
maylwoliUiinwl from A, r\iv|ii I'*"' :'i*". ''^ " 
wliiclt inlwci!t in uv ami tin. 



"{".v'; : . A- . 

The dctcrmlnnnl |A</| i 1 ' ilu* inijn-.il -^ i.-tmi^.im H A, 
1.346 

""T'" 'i . 



1,348 



1.347 



(J A, I ,A .'A -A ..A 

f j At) 1 ''.,; t'-'ti *'-;, ^r j 



tllJj ( tf'<i|tl),,j 



A., 



A., 



1.848 HA-o, 



A -I A >A 



1.360 If fli 
determinant 

1.361 If (i 



llie (lplrmtiniU 

IfeJ ^ j """ 

the 



ALOK1IKA 



1.362 If (in ' -<i ii) ami tt(i - o, tlu) (litlmninunl. is a skew synnnrlrii:al 

(lutcrniiiwuit. 

A ski:w symmetrical diMmiiiiuml of m;n onlcr is ;i purfrd. MIJIUIR:, 

A sltow symmetrical ilelormiiuinl, of odd order vanishes. 



1,360 A system of linear i'(|Uiitions: 

ti\\x\ I- "iii-vs )... 
fai-Vi ! (i^Va -1- . . , 



luis a solution; 
provided llml. 

1,301 If A - ' o, Iml. all the lirsl minors are not o, 

(./ 



A 



) 



wlicrn -v may ho any one of the umbers i, a, . . , ., w, 

1.302 If A i > /.'a " *' AH a o, ihr linriii' niualimis urc 

iind if A "- o, 

'/> / > . 

A 1 '" A f -/ ' '' " ll} ' 

u^y - 

1.303 Tin 1 t'ondilion tluil 11 linnir liomo^rm'imM rijiialhui'i in j; vii 
he consislt'iil is lliitl Ihr ili'tcrniinunt, A, shall viini'.h. 

1.361 If llu:r<! arn n \ t liiu'iiv t'i|uulions in it viiriulilri: 
.VI I "i-j.Vy ! I WU-VH - *i 



the condition thai this system shall ho ronsislertl in iliul llie 

o 
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1.370 Functional Determinants. 

;>!' A . yitytf ., jit urc fundions of .vi, .*';: ,v,,; 

7 ,- i yftM ! iita, , .) 

1 \ * 
the determinant ; 





(l\'[ (h'i fl.Vi 


<"v.; 


^ - ^ 


d,\'i tl.va t).r H 


c).V, 




a,vi a.Ya (*. 




-' 






is the Jacobian 
1.371 If y lt y 


o.Vi t).Va (?.v 











tlie symmetrical determinant! 



is the Hessian, 

1.372 If y-i, yt t 

!V n by the equations : 



. 



rc fjivt-n us 



...... .v l( ) 

icil functions of ,v. 



then 



1.373 If the n funcilons y,, 5-3, ..... , y n are nol I 

the Jacobian, /, vanishes; and if / the n functions v l( ^ 

independent of each other but arc connected by a relation 



of f-ttch uilu-r 
y n nrtf , m t 



AT.OKHHA J 7 

1,374 Cnvariant properly, If iho variables xi, xt, ..... n* urn transformed 
by a linear aubslilulion : 



;>% ..... ,y n "f -vi, ;Va, ....... , ;v (1 become the functions 



or ./'-'/' I'/.'/l 

wlierc | '/(/ 1 in Llio iluLorniinnnL nr nuiduUw of iho Imnstnvnialion. 
Fur ihc JIurtHiuu, 



1,380 To cluing" I ho vui'iabk'n in a multiple Inli^ral: 



lo now variables, .vi, .v a , ..... ,v when ,vi, .v a , ...... y n an- tfwu funrlions 

of xi, ;vu, ..... , .VH : 



/ T /''''b'" -^' ' y). /.-f.-wi-./v </,. 

/ iM I ....... / , ; .... i ...,,, . . . / (^ Jj/.l (IM-J ..... U.\n 

J J fK-Vi, .v a , ..... , .v) 

where /''(-v) is Uw roHull of HuliMtiUitiiiH x\, -v-j ..... , x n fur yt, ya, , . ., } 
in F(y it yt, ...... y). 



I'KHMUTATIONH AND smilUNA't'IONU 

1.400 Given tlifleruiU t'li'mculH. Represent furh by a number, i, 3,3, . . . , ,, 
n, Thw number of pernnilalions of the n dlfTuronl clenu'iiis is, 

I'n H\ 

c.g., n 3 : 

(123), (M)I (a.0, (231), (sis), C.^O^o^.U 

1.401 Given n dllTercm element*. The number of pcrmutaiionn in grnu|w tif 
r (r<w), or the number of r-purmmaLkmn, i, 

P w " ! 
o.g., tt-4, r-3: 



l8 MATHEMATICAL JfOHMTTL/K ANJ> KUJI'TIO FUNCTIONS 

1.402 Given different elements. The number of wuys they nin IK: 
divided into m speci/ictl groups, with ;Vi, x*, ..... , x m in r;u:h fjrmtp rtisptio 
tively, (#1 + a& + ..... + .v m ) = is 

Hi 



e.g., = 6, m 3, a* 2, ^ = 3i ^ = * : 

(12) (345) (6) (13) (245) (fi) X 6 fio 

(23) (i4S) (6) , (24) (i.s) CO 

(34) (125) (6) ' (35) (124) (<i) 

(45) (123) (6) (25) kvi) (fi) 

(14) (235) (<">) (15) (23-1) (ft) 

1.403 Given n elcmciUs of which x\ uru (if one kind, .VM (if n wi'djnl kind 
....... , !V n of an wLh kind. The niiinlmr of pmmiUttions is 

I, 



1,404 Given n different elements. The number of wuys they run lio pmmilt'd 

among in specified groups, when blank groups arc allowed, i,s 

("H- w_- 01 
(w~- i)T" 
e.g., n = 3, m = 2 : 



24 



1.405 Given it different elements. The number of ways they can hi- prr 
among m specified groups, when bl'ank groups arc not aliowed.'no thai i-ach ^rn 
contains at least one clement, is 



= 3. 



1406 Given w different elemeiUs. The number of ways they can liu c 
into m specified groups when blank groups arc allowed is 

w" 
e.g., n 3, m 2 : 

8 



1.407 Given n similar elements. The number of ways they can bo combing 
into m different groups when blank groups arc allowed is 



"(, 



I'Dllp I (' S S 'I -1 'I -< .1 * .* ''''' I I 1 I I I O O O O O 

[ ( m[) J o i o ,! o i .1 o ,! i ,| u .1 i ,; i; n .( i ,< ,1 (> o jj I .| .! ,i 

ft Hip .1 O (, 1 O ,! I O ,1 I .! O ,| J ,i ' O li 1 ;( ,! ,i O (I 1 IJ .( ,| ^ 

t08 (liven u similar rlrmrnhi. 'I'lic nuniln'i 1 nf \v;i\s llu-y run In- lu 

In in ilillVrcnl |',nniji!i wlirn Miiuk jinmji:, nn- mil iilluwnl, ;-n Itml t-iii h j',tnup 

all couluin ul Irasl uiic Hrim-iil, i* 

tit })\ 
(in \)\(n m)\ 



ItlNuMIAI, mi.( - 

31 

n\ n\ 



V-f" ' ' 
I J U I i 



- o if n . *. 



M /'A 

) i (,)' i I ) - >" 
'/ V- 1 / V"/ 



i ! : " ' " 
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1,62 Table of Binomial Coefficients. 



n\ 


n\ 


/\ 


ri 


/\ n\ n\ n\ hi' 


\ / ' 


U 


U 


U 


U 


U W.W W U 


) I. 


I 












2 


i 










3 


3 


i 








4 


6" 


4 


i 






5 


10 


10 


5 


i 




6 


*5 


20 


15 


6 i 




7 


21 


35 


35 


21 7 i 




8 


28 


56 


70 


56 28 8 I 




9 


36 


84 


126 


126 84 36 9 


i 


10 


45 


120 


210 


252 210 T20 45 


10 


ii 


55 


165 


330 


4(12 4.62 3^0 io"s 


55 


12 


66 


220 


405 


792 924 793 495 


2^0 



6(i \2 t 

1.621 Glaisher, Mess, of Matli. 47, p. 97, 1918, has ^ivim a coniplt'lo lul.lo 
of binomial coefficients, from 2 to 50, ttnd A o (o A - ;/. 



1.61 Resolution into Partial Fractions, 

If P(y) and /() are two polynomials in x and /(.v) is (tf 



where 



w m 



6v) 
L(--c)"J, M1) . 



cti Hum 



The first summation is to be extended for all (lie simple rtxitx, , of/(;v) and \\ w 
second summation for all the multiple roots, c t of order p, //(*). 



1.811 Definitions, 



FINITE DHWJBWCNCKS AND HUMS. 



2. 



21 



3 . Ay(,v) < > Aytv i //) -Ayor) 

-AM V/J -.V(.i--i- 



4. A"A-0 ./(. lull) -"f(x-\ w..'.'7/iH--" --/(.V'l-'"-a70 . . 

t ( - I)"/(A'). 
1,812 

1. A|',i/{.v)'| rA/(r) (? u ninnlani). 

2, A17.C.V) I /j(.vj I . - - ] - A/.(.v) I A/a(A-) 1 . . . , 

-/i(.v)-A/ a (.v) I /j(.v)-A/,(.v) | A/,(.v)'A/;,(.v). 



,813 Tilt.' Jitli ilittfivnrn nf it piilyiitttuiul of tltt; n\\\ th-Krir irt niiwtiuil. 

/(,V) - |/,,.V M | <!|A" h l | Mn t .V 1 - (! 

A M /(,v) ~M", 



1.82 

A" (A- 



-(.v /'){,v /' A)(.v /' ^/j) . . . . f.v - / - n in !//), 

AW ... ...... ..... _J_ .............. _, ....... ......... ,_ ................. , 

TV \ h)(x \ /i I ii)l.v I /' I- *M .... (>' t /' i H - i A) 

, . n(a i ( I ^ ...... f I- MI - 0/r 

U f iv,- I* 6 * ' v "rr^-^^^^-^^P'J^--"^'^-"^"^''!^'"*'"'' 1 ' 1 -'' '"- - -"""-' ---""'-'"''""'"'W'wrt.-^---"*- -- <* -- >-"!-->\*->->$+ 

v '(.v i /) (A- I h | A) (,v i ft I a/0 .... (.v -! /' I- I w* - i//} 

3, A^u* (ti* - t)" 1 "' 

A i // \ t / , A/( A 'A 

4, AIog/(jr) -lnKfi \--frr-)' 

\ J V * ' 

5, A w sin (a- h </) * ( i i ) (' *' + d + '" -- J - 

6, A w am (f,c -|- r/) ** ( 3 silt -^J coa f -I- tl !- m J 
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1.83 Newton's Interpolation Formula. 



(*) - /(,) .,- -= A/GO + -; 

"' I /( 

i .(- t; "'Q (tf-ff-//) (.v-rf-aA) ., . 

-- - - . - 



+ ^;^vJi 

w ! 1 1 ^ ^'' 

where has a value intcrmcdliilc hetwceii I hi! Kmilr-ti ami Imsl. of ,/. (/ -i. ,,/,) 

' 



and a,'. 
1.831 



/( + /o -/() + ^ A/GO -I- ^-'i Ayo/) -r ^'v > fc ::') Ayo/) 



1.832 Symbolical I j 

i. A = c\i~i 

2. J(a + nli) = (i-|- A) 

1.833 n fl -A)i i 

i 

W.(l'h A) 



1.840 The operator inverse to the di'lTm-nce, A, is Hie mini, 



1.841 If A/' 1 ^) -/(), 

/ 
where C is an arbitrary constant, 

1.642 
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1.84.3 iiulriinilr Si 



2, /j , 
*** l.v 



(il 



J :>!!! 

i 

1,844 If fiv) i* it pulyiiitminl nf ilrKivc ti, 



1,840 If /(x) is a iiitlymunm! *-f desire f, 

/|,v) - n,,v" t iit.v" 'I .... I / i.v 1 tt, n 
;iinl 

2/1 r) -/''(A-) I C, 

/*t-v) - <v" 11 I fi-V I ia.v" ' I .... I i.,v 

wllt'l'U 



The cdcfftclfni r f i mtiy be inkcn urltitrurily. 
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1.850 Definite Sums. From the indefinite sum, 

a definite sum is obtained by subtraction, 

0-1- Illl 



1.861 

<I-|-H/I 

. . 2-rt*) = /< fl ) +/( 'I- /; ) +/( 'I- 2A) -I- ---- -]-/( H- -T/0 

a 

= / ? (fl + A) - /'((?). 
By means of this formula many finite sums may be evaluated. 

1.862 



fc " ^ + /0(ff - ft -I- "'T/jK 
(A '!- i)/7 



1863 

a-iili 



.- 

. (A + i)~ " 
1.864 If /(-) is a polynomial of degree / it can ho expressed 



+* 

S 



(w -I- 1) 

If /(*) is a polynomial of degree (m ~ i) or lower, it can be c 



. . . (w + mh] mh \ a(tt + A) . , . (a, - 



AI.dKIIKA 
I 

(,i .(. nit) ("I n \ HI ill) 



. <"i..J l ' ,. 

(HI - ij/' i"(" I /') ("-I- w '/') Oi-l-wA) - - . (" ! "I ni - it/0 



, '""!' ' , 

k| " ' It [a ii I nh 

\ If f(x) is u piilymmtiitl nf ilt'Krir in il run In- r 

J(.Y) - AH I -llf-f I Mil) I "M-V i '/')(-V I ' 
11(1, 

,t |r lib 

/If) .-l,,f I 

||(.J I//) .... 

\ 

(.J 1 M//) (tM W I II '/'} f 

it I tit 

i i :'"' '/.' - . ' \ I I 

"'"' ' A \ .1 ! * J ' " 

VllCR 1 , 

(I I Wft 

r r 

.I | It u t ih 



I ,|M(X t '"/') . (* I ) 




1.86 Kuli'rN SuniHitilinu l'"niuiln. 

Ws I .-I. !/</') - /('rtl 

V I 

I i ,U ,A- |/' w "< 

-* 

"/i.v I A a) 



wl^wts)! wilh A i, i* tlir HcrnrtulHnn ptilynomial. 

di^Hh ^M-O; Ihc crttfliricnl* -In nre mnncciwl with llenwulli's 
numben (0.902K /I*, by the rclmlnn. 

HH* <-0*" "* 
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1.861 



1.862 

I T till, J 

-*-!-- ( ,;- -ya 



f 

~C + J 



Kl'ECIAI, 1'INITK HKUIKS 

1.871 Arithmetical progi-casions. If s is Hie sum, <i lh lii'sl ti-nn, fi Hit- coinnuin 
difference, / the last term, and n the numlwr of terms, 

5 a -|- (a -I- 5) -l- ( -h '^) -I- .... L" -I- (" - i)5J 



1,872 Gcomclrical 

S fl + tip -I- (7/t' ! -|- ..... -|- ftp"" 1 



If *<I, ?(>. - 

I - 



1.873 Harmonicnl progrcsiiiniiH, <i,l t f.,<1 ..... formimlmrmtmit'itlpriiKrcKsion 
if the I'cciprocjvls, i/o, i/A, i/c, :/(/, .... form nn tiriLlimuiiciiI 



1.874. 



-2 



AT.C1KHKA 



1,875 



i ...... ;< i'riinuH n-iH (0.002), air \\w liiinnnm! 

cwllii-ii'Mls (1.51); llu- su'rirs rn<K will, llu- trim tit n if A is ''vrn, ami \vilh Llw: 
ti-iu in " if * i^' niM. 



1.87G 



i I.' I ' I ' 

i J ,\ -I 







~" iiU f "J I" I -') 
w Kulrr'snHtMunl - o..s'/7- ( iS' lt M 



t J 

i 

1 J 

to 



(la ~ 



1.877 



III. 



i IP ''i 
' J ( t i 



1,878 



L i ' i ' i .... t -, 
i ' ** V "" 



( i i) (N i ,*) Oi i ,0 



c 



1 1 
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1.879 Stirling's Formula. 



log (nl) " lotf VV"' i In I ';) l"i! " - 

, /la , . , (.-* .HI 

l-~ r l-....-M 3ta H , t , - 



o<0<r, The coonkionls /U art: |;i\rii in 1,80. 



1,88 
i. 

2- i' 

3- 1- 



'Hf I l) (n I .))..., |r; ) r \ 

r I - i " 



j;( I n )(,i/' I "' 



i 

i 



, n 



IT. GUOMKTRY 

2.00 Tritnuformulmn of ruordwalt's in 11 plumr. 

2.001 riumiii! tif origin, l,t-l .v, y In; u KynUun i>f mJaiiRultir or ttWri/m 1 niiir- 
(liimliu wilh m'ij;in uf f>, Referred In .v, y Ihe rin'irdiiwle,'i of Ihe, new origin O' 
urt! i/ ( //. Then referred to u parallel sy.slrnt uf rottrdhmfer. willi nrinin ill, ()' 
UK; un'ii'dimilts uro ,v', /. 

.v - .v' | (/ 
v .v' j /.. 

2.002 Origin unt hun^d, Diirrlinim uf nxcn fliiutgnl, Ol.li<jui- niiirdiiiiiii'^ 
JieL to hr l lit; illicit' ItclwcTii (hr .v v im-n niniMiml t'imnirr flurkwiM- from 
tlm .v- In l hi* v-axi-i. I.rl, the .v'-jixis itmkr 1111 aii^lr (V with lli<* .v avis ami dm 
/-axis mi miKli' /V with Ihr .v-uxis. All itnglrn urn nu'tisiiml omnUT rhti-kwiso 
from Urn .v-ttxiM. 'I'ln-n 

.v tiiii w .v.' in (cu - ) I y' sin (w /J) 
y sin w - ,v' sin <t | ,>' nin /J 
w 1 - ft -> (V. 

2.008 Kw.lniiKtilar uxrs. l.cl Itnili new unil oM uxt.'s hr rrrtiiitMuliir, llu- new 
axes lu'inK mi'iu'il iltMtiiKli uu ujiKl** with n'spcfi lit llu- old uxi's. 'I'lu-n 



rt* 'if* 

w * ~, >-* fl, /j ^ ; - i y, 



.v .v' cus -- y' siu fl 
y * ,v' MII i y' i-os 0, 



2.010 Volftr collrdlniUes. Let Ihe y-nxw make tin anjjle w wilh the ,v-a\is and 
let the ;vnxiH he the iniliul line for u .syjilem of polar ctrflrdinnU's r, 0. All 

ftro measured in u couiHcr-chickwiiw dirtrtinn from the .v-stxis. 

.- ^''llSiL*" ^ 
sin w 

sin 
mn w 

2.011 If the x, y uxcs arc recUnRulnr, w , 



MATHEMATICAL I' 



,,'!'; AND KI.Ul'TK 1 



2.020 Transformation of auirdiiuUeK in Ihm: diittcnninii:;. 

2.021 Change of origin. Let .r, .v, s he n syslnti uf mAj/n;;//,,, nr <-/,//,/,' n ,j ir ,. 
clinatcs with origin at 0. Reform] lu A; y, u tin- nuiidin;Ur>i ..I' ihr nnv ,ii<j r j,, 
0' arc a, l>, c. Then referred lo u |>;inillel syslein uf fuiirdiiLiii- : i wiih nri^iu ' JU 

0' the coordinates art! .v', /, s'. 



2.022 Tran.sformalion fnmi one In muttlirr nvl:im:ul.>ir 

changed. The two sy.sl.eins iirc .v, : v, s utid .v' y' :;'. 

Referred Lo s, y, s Hie dimtlitm cosines of .v' arc / h w h , 
Referred to y., y, s (he dinv.lion Conines ,,f v ' HIT / a , ;,, .j 
Referred Lo x t y, s the direclion cosines of V m v /,,, ///,, ., 

The two systems are coniu'cti-d hy tlie srheim-: 



y - MIX' -I- /.,,/ .|. WaC ' 



lit' 




n ' 

spcdtively, 



2 COS . /, -|. , ,|, , _ , 



II * ( ii "7 

"a I '/j " | 

I .;( - O 
i HHj, - o 
I !i - 



. ., 

7 wilh *. ,v, . r- 



Ill, 



(IKOMKTKV 

ros ;l {} cos- 7 

I /i i>h. i /i //i- '"7) 



2.024- Tnmsfumialiiiii hum a ivclaiiKiilai 1 In an nhli<|m: system. ,v 
timi'ulai" tiyi. ifin : ,v', y', ;/ nhliqur .'iyslcin. 




2.020 'I 



in.. .I'y' l.\ 
t'n-i yv' M-,\ 
('' "V f Ih 





// J I Wa" I /'^' J I 
/,i' I '/ I W;i 3 - J 

fmtu one let aiuillirr ttl>tii|iii' sys 




"I y vt\$ xv 

4- X COS AT 

=/"!*, 



ni-jv' f 
thy' \ 



.r "> ( 



.iJ,i cos .vv ** t. 



s ens B 
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2.026 Transformation from 0110 to iinnlliur nliliijur system. 

If n x , %, n, arc the normals to llu; nlancs y:;, z.v, xy and /</, >!', n t ' (hi 
normals to the planes yY, z'x', x'y' t 

!vcos;w a x' cofuv'//,-!-/ CIW/H, -|-r/ rn;t i;'//^. 

^" / "T'' , / "7 , i / 

ycvsyn v "X (:wxit u -\-y cosy H | ;/ etui ;r;; u , 

3 COS ISM-fl - :' COS x'll. a )- y' COS y' a | ,';' ('((;; ;;'// , 

x' cos ,v'w' x cos .i'//*' I- y ins y//,' ( s rus'r;/^'. 

x^ *s --^S, 

y' cos /' w ;v cos .iv/,/ [- y cos yn ' \ ;; cos :,n a '. 
s' cunz'n => iVCtis-VH,' [ y cosy/;/ | a COM cw/. 



2,030 Transformation from rocliinmilar to .sphmwl polar niiiriiiimlivi. 

r, Llic radius vector to u point makes an uitKlt: tf wilh ilu* ;; a\is, llu* lu'iijccli 
of r on tlio s-y plane makes aniu^'lo wilh I In- .v-a\in. 



,r = /' sin cos r> - , V ' J | y' 4 | r? 

y r sin 9 sin ,., <-os ' - " ,^ 

a r cos , , v 

- Inn > ; 

2.031 Transformation from rectangular to rylindrind c.K'lr.liiiiiit^, 

P, the perpendicular from tho c-a.\is to a [mint nmk.s an mm!r w i f |, n... 
,t-2 plane. 



8 " JJ 

2.032 Curvilinear coordinates in geneml. 
Sco4.0 



2.040 EulcrJan Angles. 

^ ****** <* wctanguhr am with the mm* nrt K In 0. 

f/ 1 " 1116 <Imwn - " UU if ^ is vcrlk-al. ml the 
t por P cndicilIar lo 0, h directed lo the miih, lh,n OK b rilrtcleil 

Angles B'OS M rt 



Till' din-iliiin u.'.ini". ..| ihr I wn :,y ;( |rllin (if uxr* arc j^ivcil liy lltl' fllllnwillj; 



n . >> i .1 , i/ in <,' -.111 J 
, ,i " in v' ''in </' " ' v'' 
,.,. ; MM (/ 



it 



2,050 l'i iliiii'-M 1 ( 'ni'inliiiiih-i. 

,\ |iuini iii ,i pliiiif i, <lriiiit'.l it ii'i 

(111111 lU'u inli'i ,r. lini- tiiif: ,iii- frivrtl, 

(7! 1 1' I" I 1 !>< llic'.r !mr .; 



TiiUii^ 'M ;uul ( '/( a> flu- . , VMM'!, 
an iuij?li- 1 ', 




.111 ( 

Any mi \v n ,vi - n dnn 



.IH i '.in t 

If i i. Ihr iiir.i .'i ihr hi,tti ( ;!r ( Ml* lUMi^li- ..f 

ji ~ ii/- j /'; j , f| 

. - yj( ', 

/ -(M. 
f -,!/!, 

T wiliirii ht flic 



IfJ 



i he r(|it.ifjiih "f it tmvi- nii 




\ 

t / 



I'lil, i 



form 



2.000 <,)iu.lii|il;i!ur Ci^ii.liimi^, 

The, i- an- i In- .niutt^ur in 5 tlimcnalanft of irillncar canrdlnntcn In ft plane 
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*i, Xa, ;v 3 , A-, denote Ihe distances of a point. /' fmm llir fmn sitUs of ., )( , ( 
rahedron (tiic tetrahedron of reference); / / ,; /,, ,..., W;( ; / ;i( ,. w>) ' ;i||([ ' 
/.., m. }> wahc direction cosines of Ihe normals In llir planes .v, o, . v , 0| ,v, - 
.T 4 = o with respect to a rectangular syslem of ( 'oi)i-dinalrs .r, v , '; ami ,/, ' /., ,/ ' 
<k the distances of theso 4 pliines from Hie origin of ...iinlinalrs : ' ' "' ' '''' 



Cl) . aN/ 

't-V I- /|V |- Hf, lit. 

re |.]R. amis of (lir 4 fat't-.s of thr Irliahrdnm nf ivfcmin- 

3 1' <' :i'|,V| -(..iw,, |. i-i.v, I v.v 
By means of the first .3 W|l ,uti,ms of {,} :V , y, r; an- drlrrminnl ; 



The equation of any- surface, 

/''(v,v,s) - 
may be written in llu; hom.^noous form : 



The equation of a line: 



1'l.ANK (JKOMKTItY 



-V COM -| 



l nmk(s wm , , ,, 



2-102 If 



-.nis 
2.103 The cation of a Hue may In: writkm 

y * ax + l t , 
J - tangent; of angle the line make, with iho 



2.104 Tin- iwu linir.; 
inlnsri'l ;il lln- (mini : 



Ill I/,, 



2,100 If </' iV' 'li"' ;ni|;lr lirlwivn Hit- l\vi lints U.104: 

!;ui t/i i ' ' ' '' . 

2,100 Ki|iiiiliiui-> 1 4 IWM |i,n;illrl lim->: 



2.107 Kqilillii.il i ,i| [wii pri|it'in|i. nl;l| Jims ; 

' ; v' i r, ,, i v , a . i / (li 

. 



\ 



2.108 Ki|lllllinil .-I' linr llitmiKll .',, v, uihl p.liallrl In I lit* lilir : 

-!' i /JV i (' M HI V , jr , 

-.!{ iVt ! /H.v v ( f n i,r r . v , ,iiV 
2,100 Kt|it;i|ioii ..I' !n,r iliiM 



2.110 lM|u;iliiinf linr lliM<iu;li lf . v, in.tLiiij'. .in .in;.),- ;, willi llir Inir v ,tx \ l>\ 

I i MM ^ 
1 >! I. Ill iji ' 

2.111 Kqilillinn i.I (in,* tlituii^li llir twi [tuini ., i,, v,, ;tti<t >'. v-j : 



2.112 IVr|-mliui!iir 'il^lanu 4 CMUM ihr |iui r,, v, hi i)u> liutt 

,|.v i /(v ) (" - p or y - in- f /., 

h _ Jll'U.Li!lV!.J'/' ., y.i . "*'" - J 

V''-I; r /'. VI t rt*"~ 

2.113 l*oliir cmialinit nf ihr Jinr v - rfV -* l>; 



where 



36 
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2.114 If p, the perpendicular to Ihr liiu; from tin- nrij;in, makes un aiu;lu jj 

with the axis; 

/M. /'COS (0 - /!>- 

2.130 Area of polygon whose vrrlin's iuv al .v tl \Y; .v ;t , v :; ; ........ 



2/1 y\(x n - ^)) "|- )':l(-Vl ~ A; 

ri.ANK CUKVKS 

2.200 The equation of a plane curve in rn lanjuilai mnnliiiah-;. niity lit- j^iv 
In the forms: 

(a) 
(b) 

(c) , /''(;v,v) .-, o, 

2.201 If r is thcangld huhvi'Vii \\w tangnil in llir CIIIAT ami (lit- r-axifi: 

,/,, Y 

(aj tan T ~ 

(b) tan r 



i an T "- 




In the following formiil, 
/ ^ tan T (2,201). 
2.202 Oil/ 0, ,1/P y, ai 



NV 



x.s 

/ -, 



/ 



M 



T' 



A'77 1 - r. 



o orto /) 
AM Ul 



, 
" J7 " mlCFCfipl of |H K ,.,tl M ,v.ft S |i, ( 

r - y ~ sy ' . inlcrcq.t uf Um^nl n,, v .iui 



r ' " y + J? - intercept of normal an y-nxU. 
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2,204 Of,' " "" ,, ilisliincr nf liiiij'rnl from origin > /'.V <> projection "f 

v ' ' . v ' nulius vrrlor un minimi, 

f ,, v'f.vv' v) v .vv' 
tf (); -^ , ' f ,, 

1 * * i * 



2,205 



O.V '' ' l ' X ilislJUHf of minimi fnnn urij^in /'() projctiliou nt 



.v | yv' f.v ivv'ly' 
| .S: , ,- 



2,200 



2.207 0V - S --"'-- ' V ,' VV nohir lii 
v ,iv 




2,210 Tin; i'i|imimiiH of i\w. \i\\\ipM at ,v,, yi to tin* nirv In ilu- ihrrn fnrius 
of 2,200 ". 

(a) ,v t v, -/'(,v,) U,vi). 

(b) ty- v.l/.'U.I - (,v ;.',)/,'(/,)- 



8.211 The cqimlloiw of ihr normtil ill ,v t , y, lo llic cum* in Hit; UHW form* 
of 2,200 nro: 

(a) /'(>,1 f,y 

(b) (y - yi) 

/ x , 

(c) (x - *0 
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2,212 The perpendicular from (lit; origin upon ihr lnnjjcnl lu ihr nii'v 
F(x, y) = o at the point .v, y is: 



2,213 Concavily and Convexity. If in (lie lU'whlmi'linud n|' ji puint /' n curve 
Jies entirely on one side of I ho liwgeiit, il tamnciivrui rnnvr\ upw;in| i iuronlini' 

as/' = y~ is positive or negative. Tlu; jiusiiivv dim-liiui nf ihr jiM-siiiv ;,lm\vii 
in figure 2. 



2.220 Convention as to H^HK. The piwitivr diivcliun nf ihr ntinn;tl \; rrlaird 

to the positive direction of (he Itui^nl as Ihr pusiiivr ynsi-. i-. u-lalnl id ihr 
positive ,v-a\is. The angle r is measured |inxiiively in lln- cntiutrr rl'n'lvwi',t' 
direction from the positive .r-uxis lo Ihr pnsilivr lattjicni. 

2.221 Radius of curvature p; curvaluiv i//i, 

/) its 

where s is the arc drawn from a lixnl point of tin- rum- in (In- ilirrriinn uf ihr 
positive tangent. 

2.222 Formulas for the radius of rurvalurr of , urvrs M ivrn in Ihr Hmr rurnm 
of 2.200. 

{"(f)T r ., 
(a) PM -L .WJ fi : l /-) 

'/ ; 'v .v" 



If s is taken as the parameter t\ 
(b') I ''? r ?-V 

" 




flAa 



(!!:( IMKTUV 3<) 

2,223 'I'!"' t'l'iiln 1 "f rmvalmr is a pnint (' (lij,^. ;>) on tin- normal al, /' smh 
,| ia l /'( ' p. II' /.i i-, pu.itivr (' lie;-' <m llir pnsilivr normal (2.213); if nq^ilivr, 
nil lit'' nrtfulivr ll< " llliu - 
2224, 'I'd,. iinlr nf rmvalmr h a fin Ir \viili (' as tvnlri 1 ami radius p. 

2,226 Tlii- t'lmifl "f mivahin' is (In- ilmtil nf ihc t in Ir nf nnvalun^ passing 

llintui'li tin' niifjn ami Ihr pini /', 

2,220 Thi' fiiiinliuatr-; nf lln- n-uli i nf nii'valuir al lilt 1 puiut .v, v air ^ )/: 

fi -A It ''in r 

lau T . ; 
/ v \ /i rn:i r 

If / y , m 1 UK; llu? iliivrlinii tn,iiu- nf ihr pu.itivr nurntitl, 
/; ,' i /'/ 

1} V I l'l>- 



2,227 If /, '" '"' ili>* tlitrtiioii t-' 
of llir ptviilivt* iiuini.tl, 

,11 !' ,lnt m' 



<>( tltr pn-.hivi; laujn'iil an<l /', m' \\ntw 



2.228 If llu' langm! ait.l nuiinal a) /' air lakcii ii^ lltr \'~ ami y a\t's, Hint 

, . Until '' 

' :. -\> Jv 

2.229 rtiiilM nf Inllrxi.m, |-'"i a fin\r rjvrii in ll- form (a) -'f 2.200 a pniul 

, .. tt'V , '^ J .V . i 

of iiilh'xitiii is a pninl a! wltiili MMC ;il lra-.i nt - ami . ,; rM-l-. ami ii (nn 

* IJ * * \ 

linumi* ami .H wlii.lt inr al U-.iM >'f -^ ami ^., vani^tr-i ittul tliani-i 1 i M^II. 

If llir uiw i Kiv.-n lit lltr (ri ! i |"'nl nf iiiHiAimi. /i, in a poinl til wliiilt 
Lilt? (It- 



ilnheH tint I 

2,230 KliminnlhiK x nitil > InMwrt-n Utc ftWinlinnlrs nf liu- iviiU'r nf nimtlur 
(2.220) an<l llm rnrrcfi|Kmtliii cwHMm*. nf ilu- fwvr i2,200) KIVIS iht* 



of iliu t-voUifc of I he rum* - lltr IIK:UH nf the rmiiT nf rurvainrf. A i-urvt- 
which has a irivcn curve fr wtilulc is caHcl an invtiluu* nf ilu- given curve. 
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2.231 The eiwelopi! to a family itf curvi's, 

i. V'X-pt y, a) o, 

where a is u parameter, is obtained by rlimiimliii)!; a IH-IWITII (i) unil 

()/' 

2, - - ' i 0. 

(Ja 

2.232 If the curve is jjiven in tlu: form, 

1. ft'"/i(/, a) 

2. y - Mi, a), j 

the envotopo is obttiinucl by eliminiiliiif! I and ft lu-hm-it (i), (.t) and Hn: func 
tional dclormiminl, 



2,233 Pedal Curves, The locus of (In- fool of ih<- |n'r|n'tuliruliir fioiu a li\i>t 
point upon the lan^'nl lo ffivcn nirvr in llm pcd;d of Uir ^ivi-n curvd will 

refoi'C'nce Lo the fixed |ioint. : 



2,240 Asymptotes. The line 

y " ax -\l> 

is an asymptote to the curve y ** f(x) if 



limit 

. > 



2,241 If the curve is 



and if for a value of /, /,,/, or/ a k-conius iiitiniir, llicrc will be an unyniptuir it 
for that value of / the dircc.lion of llio, fnitKem lo llu- rum- a|tpi'niH'in's u limit 
and the distance of the tannin from ft lixod pt.inl uppntiuht^ u limil. 



2,242 An asymptote may omctlmeK lie dclemiint'd by t-\pitndiii K ilif f{|iutlioji 
of the curve in a Rcrte 



Tf "'"" 

a^ 

the equation of the asymptote is 



1 

N 
^ 

V 



If t.f i he Hun iirittir in .v, lltiii n-prriii'MlM a I'ucUlinrur asymptote; if of a higher 
ilt'Hirc, a t mviliiu'iir ai.y 



2.280 Siiij'uhii 1 P"inK If llu- ciMialinn of ilm cni'vi; is /' (,v, y) ~> o, singular 
urr lliuiic I'm \vhit h 

.'(/ ill- 



Put, 

, if 9 !- .'IV-' / fl"/-' \'-> 



t'Jr' i*l v 1 v'l.v i'lv ( 
If iN- u ihr '.iiif.itltir piiini i-i it ilnnlita puini willi iwo ilistincl 

ti puiui i'i mi tMiliiicil [mini with no mil linmdi ttf llu; curve 
it. 

A - " it' 1 ' insulin 1 pi tin I \-\ iiu UM iiliitiMK poiul, or a r\isp. 'I'lu* nirvr has Uvo 
hiuiu lirs \viilt ii iDiitiiioii iiimii-til, which nitrl al llu* ;>iii^ular point. 

If ''.'.' -. ,' , tiniultitnt'uiisly vanish at u point llu: siimulur 

ll,V rtv lh' t'lv fit tlV 



'l \Nt', I CKVl-'i, I'UI.AU 

i'(|imiiti of tin- nuvii U M'vi'ii in llm form, 



lit 

2,SS71 U ntniMiH'tl in \\w Ktunlfi'tlttrkwtHf ilin'rlion from I In* iuUml line, 
f*.V, iiml i, tin* 'tit, i^> iMulinvn HI hi intmiM- with 0. Tim aiiMlc <A i^ nicasiiml 
iit I IIP t'Miiiilrr .ImtwiM- tliirtiit'ii frmn ihf \**\i\vc nuliiw va'lur in llttt ptisilivc 

l, "I'liffi, 

T - (' ! ip. 



. . rtlO 
sin (p * -T7 1 

, tfr 

cos <p 
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2.273 ' sinfl-'^ I ' >";> 

tan T .-. iif 

cnsW ' , ' -'in " 



2.274 PA* i"yi I- |'"ar hinjv 



OF ri} T/l ' ' I 1 "' 1 "' 



2.275 00 "^tsswasKsssr-JJ. /I > " llislilllt'l' Itf lilltl^'lll iH'lll 

HIMI I* V'^_ I ( 

V-i-W 

' ' 1./W 



disliiiui' (if iminiitl fi'nu "iii;iii, 



2.276 If =' -, Mm curve J P ''/(/?) '^ nwruvc MI ( fmvi'H, I" itimti*'in jtrii 



is positive or nt^ulivt!, At ti point nf intlrxittn (lib t|uan lily vi 

sign. 



!2,280 The rutlius of curvature i*. 



T 

2.281 If it - tlic riuHiw <tf curvuiurr if. 



n , /'/v i 

U) 



2.28U II ihi- njii.iihin i'f ihr i nivr i>; j'ivni in ihc ftinn, 



lien' s i. lli*' .HI UK .1 .inril limn a lisnl ;mml of llir curvo, 






|inn tin- litiiftml In lilt 1 t'lirvr, 



l/T" 



II H 



' , /-'"V 
,' " ! UJ 



5S.20 I'"I;M 



( y 

W'V 



f, i v. 

',i f t 1 s/'r 

i) ! ' ,m 
/,n. ; , .,-> 

'\Ji^J r ,/H 5 

|( ^ i-t Ihr iJti.iJ "1 t iiiv.H 



Ml it ^ic 



r.u A"vni|it!ri. U r apprtwltri w un fl rtppruurhns uu an^lc , 
l s ^tpiKuIt^ (i liinil, /*, Uti'ii ll'' sitamht liutt 

r MM (>' "- I?) - /' 
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2.295 Intrinsic Equation of a plant; curve. An inlnnsic n|ii;iliun .,f It \ t 
curve is one giving the radius of curviitwv, p, iw u fumlion nf llir me, \, 

P-/CO 
If r is Ihc angle between the ,r-uxis antf iht- positive iiuwnti (2.1371): 



dT 



./" 



y !i1 vn I / sin r-i/A, 



2.300 The general equation of lh sccoml 



"II 



</."J J.T 



AM * Minor" of <JM. 
Criterion giving (lie nnlure of tltc <-uw 



A 



ITyiMsrboia 



Pair of 
Heal 

Straight 
Lines 



> 
Ellipse 



or rf W .-l 
>0 



Cum 1 



Pair of Imftjjinnry 



Lines 



Intersection Finite 



"tft 



1'iUltlllilll 



IT 



Kwil 



iniiijfiii.iry 



Pftlr of I'nrnHel I.in^ 



t.int* 



(Pascal; Roper turium dcr hflhoron Maihcituiiik. n . ., 
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2.dOO I'muli.'lii U-'ijv ,0- 

2.401 ", Vi Hr\i /'. I-'iMii'* 
ui.tin.ili' lliioiitfli /', him 
\\\\, 

l-;.|U;lli'tl| nf Ji,llJ|li|t|.l 

in i}.*iii ill < J i 

y 1 -- .('" 

v (M/. v- ,!//', 
I!/.- ... fi/j .., ,| 



rrt turn, 



- / -i" - un 



,,' 



T i* \w,;r M 

l 



. / " 
,\. .... ,. t 

T M i -V 



r u .v 



tin 



Tlic 



/'/* tni-l f,"/' 1 iti llir I'vlrniiilifs nf 11 fm;il clmnl /V'V" miTt 

f - m^lr A'/V. 

J" 
UH r - y - 

P* IIJMM U ihr ftlttttc^ /'/*/)' dHtl /*'t//J'. 



t*f rrnicr *>f rurvnturr; 
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2.404 Length of arc of paraljoh iiu'iisunnl I'i'om \vvic\ P 

-v , /'. 



*-^-M)-I- K(V> i;/iV;j- 

i 

3 ' 
2.405 Polar equation of panvliola: 



r - ens (' 

2,406 liquation of Paralmla in terms of /', tin 1 pri|n-inlii iil/n I'l-'in./- 
tangent, and r, this radius vurlni 1 /'/': 

/ .t 
/'' i' 

I - < St'llli IlltllS ll't'llllll. 



2,410 Ellipse (Fig. 4). 




2.411 0, Centre; /', /", Fo.l 
Equalion of Ellipse origin ill. 0: 



2.412 hiraini'lrir Kqiialions of KHisr 



V il CO* i/i, y 



sn 



uiijilr ,\O/' , whnv /" i<; ih r poim w | im . UK> onliiuili- uL /' nici-m dm 
*r.-r.il,-ir ,-nrlr, .Inuvn will, (J as mUrr and radius . 
2.413 ni'-.oi." ,,, 

. . \''i/ ;l /)'- 
(' rrrnilniHy - ,, 

it 

... !>' 

''' "0 c 11 ) si'ini lulus mlum, 



r aiiKlt' A /"/". 
inn r " 



V ,; J , '.i ' 

' ,uv 



MM /J/J' | i; ua!l,l h, TT; !)!>' ,( //" 



KipiiHimi ..f |.;||i, ( , r nf,.,,,.,! , ruiiju^Ui' iliaiiu-li-M an 

/'" 'V - 



ti a hin tt / ! It* cos 1 / 
2,416 Ua.liiifi tt f rurvalurc of ICIIist': 

' 
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Coordinates of center of curvature; 

Equation of Evolutc of Ellipse, 

fax\* . K>\ ' 



2.416 Area of Ellipse, mik 

Length of arc of Ellipse, 

/V* ,.., 

s '-> <l I VI <:'"' sin'''(/i f/(/), 

i/a 

2.417 Polar Equation of Kllipsu, 

r *> 1>"J>, < > i\\\y,\c A"/-"/', 

Jl!,L :: '*\ 
\ - 1' nis 

2.418 r 07', > i\i\x\v A"0/', 

A 

r M " ' - :--,-,-: 

VI t? I't^ I/ 

2.419 Equation of Ellipse in (onus of /, (\ w . pcrpcmlifuliii' (rnni /' upon (| m 
tangent at P, and r t tlie nuliu.s vector /'/'; 

L ? ' 

^ M ";' 

J " Ht'ini luiiiH rt'i'fttm, 



2.420 Hyperbola (Fig. 5), 

2.421 0, Center; ^, /", Kool. 
Equation of hyperbola, origin al, 0, 



vlA/', O.-l 0. J I ', 
2.422 Parametric Equations of hyperbola, 
or * - cosh , ,v 4 oinli it. 

X m ft RCC 0, y H /( (fin ^,, 
rirrfn ^r Jr ?/ ' ^ '" ' B lU l>0itlt WltCr lh 

circle of radius a, center 0, 



(1KOMKTUY 



2,423 OF - 01'" <* en. 

c ucctmLriciLy - 



in, * << > (r .... 
if 

"/' - ex I </, /'/' - r.v 
r ^ 1111^)1^ A"/7', 



l-'iti. ,<; 
.semi livtus rt'i'Umi. 



tilll T 



NAf * i r^V - rV, 07 



' -. 07" M 
.v v 
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Asymplolc. 



/ ,- 

V V 



tan 
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2.426 Radius of ciirvtiLuro of liyju'i'lu'U, 



/'/'/' 



nn K | t! /'"AY. w' 1 / 

tH'V 

III!) W ' ' .:, 
/i 

A 

rnti (0 - ; 

\ * r .(' 

,' I 1 

/ ('IK to /'/' A"/'' 

CoUrdiimLtis uf ccnli'i 1 tif nii'vatuiv, 

, r.i' -i'Vv 1 

* .r 1 '' M ' 

Kcjuatiou of Kvululc of liypntntLi, 



2.426 In n rccliniHulnr liyjHirlHild l> - n; die ;i'.vni|ti..h- . ( iir JH ip> u-iii nl,if tu 
cadi ollwr. Kijuiilidii of rccltuiKiihtr Hypi-iUiKi \\i\\i n^MnjiiMtr- -, (IM -- it iiil 
origin nt 0: 



2,427 Lenglli (if me of hyperbola, 



OfJ\\ Vi K 1 hiii* r 

2.428 Polar Equation of hy 



2.429 Equation of righUhnm! l.mndt [ 1, V| H,J W U i, t n-r,,,, lt j /( ,| I 
(licular.from F upon Uie ian K cni ni /' .MM! r, ii,r rAlin, v-*ii / 1\ 



ftT "^ *** ^ "*- '" 

A 1 *- 

/ sum I 



2.450 Cycloids iiiul Troclmids. 



II" a circle nf rmlius <i rolls nn a Klr{ii|,'hl. lino as Imso Uui oxlramly of any 
radius, ii, drscrilK's n. cycloid. Tim iTclaiiKiilur I'qiiiUiuii of u cycloid is; 

.i l (((</ jiin (/>}, 
y i/(i - cos </)), 

\vlicrr llic ,v iixin is ilitt hjifin willi ihr uriicin al llw initial point of r.onlacl,. is 
Ihi! KIWI,, uinii'd Mirotij^h hy (In- moving circli 1 . (l''if;, fi.) 




.'I - Vt'llox nf ryiliiiil, 

(' - M-nfrr if wiii'i'filiiij.; rii.li-, tlrawn liiiiKcnl. n( .!. 
Tlir luitKi'iil In lln-r.Vt|nil M /' is |t;intllrl Itt tin- 1 Imhl .1^1, 

Arc M' -' s x flu >nt A (I 

'I'lli: liiiliii'i nf Mirv'iilun- it I /' i^ ii.ir.illrl In llir rli..i.| ()tt ami rqiml In 4 x * honl (>/>. 

/\> --I i iitiilur lire .1(1. 

l.fdHtll i.f tyrlnlil: V - Hrlj il - (M, 
Arcii of lyiluiil: .S' .iJTii', 



2.401 A pfiinl mi Mir radius, it>n. dc^-nlus u prolate Irocliniil. 

I><K, dt-Hfi'ilti'M a niiialc frochnid. Ttii' f-cnnal rnuation uf ircnlniuls and 



,v "' tufa - (ii ) (/) sin (/>, 
y - ('/ -I i/) (r - aw (/j), 
r/ o t'ycluid, 
i/>o I'rolak- irot'hnid, 
d<Q CurliUi! li'oihoid, 
iiH "f curviilurc: 



,/V 
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2.452 Kpi- and Hypocydoids An epicycloid I-', dr-n'it'nl l.v ;i |i,.ini <n ;t 
circle of radius a dial, rolls on I he convex side n a tKnl fin Ir <>( nulin , /.. .,\,, 
hypocydoid is described liy it point on a circle o!' milui;> ./ lli.ti mil, <>n Hit- HIM. 
cave side of a fixed circle of radius ft. 
Equations of epi- and liypiiryrluids, 

Uppui si^n: Kpifyrlnid, 

Lower sij;n; llypinyili'i.1. 

It ^ . /'()(, 

;V =- (/' :l: (/) COS </i t^cus 1/1, 

il 



The origin is at the ccnlur of tin 1 tixcd ciiclr. Tlir ,v u\i>, L, iltr Itnr jniniii,; Mir 
centers of the two circles in 1 1m initiid posilioii IHH! i/t i:, ihr aii);Ir tiinud iliinnt'li 

by tlic moving circle. 

Radius of curvature: 

3(1 (/*;!; ll) . t( 

- 



2.463 In Lhe qjicycloid put, /' n n. Tin- inivc linoini-, a (',uili.t|.|; 

(^l-.v^-rti/V I y' ! ) -| fi,r'v- ,vi', 

2.464 Catenary. The i'(|ualion inny In 1 wrilicn; 



2, 



3- -r^iHoK^. 

u 

The radius of curvature, which is c.,iml t. ilu- I ( -,, H ih ,,r (! nmM*\ t i,; 



/) '" (i cosh 11 -- 



, 2.466^. Kpiml of Arching. A puinl nmvliiK iimr,.riiilv U |MH K li, u . u-h 
:ro^umfnrmly about n fixed point eNrrihr* .pi,,!,^ ,\.,J,i,M,!r, 



^ A \. 

The pfjjrtr suhtaiiRcnt polnr Kuhnurmal * i. 
iis of Curvature: 



2.456 Hypcrlxtlic spiral: 



OKOMKTRY 

2.467 1'ai'ahnlir spiral: 

r ! -- <PO, 

2.4G8 Lnjjarilhmii: ur i'(|iii:mj.;ul;tr spiral; 

r - > mi"", 

/( ' > nil rt i j t'uiuil,, 

<i r ' aii|{ltt laiwnl Lo an vi! makes with Ihu riulius vector. 
2.409 Lilmis: 

rVO ' n. 
2.400 Nriiitl: 



2.401 

(x'*>\- v'').v -i say*, 

r "i ?.tt lun sin 0. 
2,402 Cuiwi 



2,403 U'limisinilti (It ^ n in ('assinnid): 

21 n A i * i * i 
.404 C iwchmd: 

2,405 Witch nf Aunt-si: 

2,400 Tnu:lri\: 

x jd |IK 

l/V 



KOI.1I> C.K<tMRTRY 

2.000 '1'lit! I'liinc. The nt'iu-ml t-qimlmn uf Uio plane IK: 

,;|,v + /) v H- Ce-i-./; o. 

2.001 /, ni, n arc the liirt'ciimi ttoshiCH uf llic narmttl to lliu plane ami /> is the 
pcr[wiutlctilur (UnUtnce from llic* origin vipnn ihu plant,*, 

. .1, fl, C 

r . HI i W ** ^!!:''^'*"^!5WJ'R'WW . 

VJN-^ + C 1 " 

/i M Ix i* /y -! JM(, 
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2.602 The perpendicular from the point A'I, ;Vi, r; L upuii the phuir Ax | Hy 
Cz + D = o is: 

2.603 6 is the angle between the two pluncs; 



2.604 Equation of the plane pusjiiiu,' I lmmj;li (lit- Ihnr points ( T \' ( , yi, 




TIIK luiiirr (.INI; 

2.620 ThccquallonRofariKlitlim!piissiii({t| mm ^|, ilirpniut r,, vi,:: t ,;iini wltm 
direction cosine?) are I, m, n urct: 



2.621 is [he anjile belwui'ii llu: two linen \vlin ; ; t - .lii'irli.iu fii<.iiti-. air /,, HI, a 
and / 2 , fl( 9 , it*; ' ' ' 

COS ea /|/||;F- WlWllH 1 I/''J, 

sin 2 



2.622 The dirt!cti..n rosim* of iltu imninil to H,,- ,,!,. ( i r |i, lt ,| | 1V tin- iwn III 
whose direction cosines lire /,, w,, , (mil /,, w,H a arc : 



sin fl' ""sin'tf ' " ; , 

2.623 The sliortesl distance Iwiwccn tin- iwn Hm-t; 

St ^ , v M 



anil - 






2.624 The direction cosines of Uiu slmrtrM t\b\tmw 

'j'i), (HI/S-HC/,). 



ihr IWM 
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2.G2G Tin- perpendicular disliimv from I In- poim, .v-, v- J( cu lu llus lims: 



2,620 Tin- din-Clint! riii.imvi nf Ihr linr passing llirni^li liio l.wu points .V|, .Vi, Si 
tiitd .v, l( v y , ;-j aiv: 

('; .v,). fv ;! - v,). (r;, . . s,) 



2.027 Thr I wo Ihu-s: 
,v 




intt'i'Si'i'l ul u puinl if, 

(w, m/)0/i (/,i) (HI !)(/'! - /ij) = o, 
Thi' rniinlin;ilr:i n|' tin 1 point of inlri'fin'liim urr: 



^ , ,-, , - 

' i H ;! ' " Hl\ l,\ III 



Tin' I'ljiiiLlion of I lie plain 1 t naluiiiini; I lit 1 I wo tints is llicit 
(m HI) (,v w/i /'i) M (wit - wrj) (,y-- 



SmU'AlT.K 

2.040 A NIM^IC t'i|ualion iu .v, y, s ivprcM-uls a mirfa<w: 

/'(.v, y, 3) o. 

2.041 Tin- dimliim n feint** itf llu 1 tutntiitt to ilu* surface lire: 

')/ n/-' W 

. itv (iv Us 

l t 1,1. /I - _ - :__ . , 



2.642 Tlu- pcrpcnilii'iilur frtun llu* W\K\\\ upon the Itin^cnt piano ;tl .v, y, s is: 

f> h \ my \ s. 

2.043 T\\c iwo principnl railii of turvalurii of lliu .surface /' (.v, 3-, s) o nrc 
given by the twu roou nf: 



56 
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k tw _/;_ 
p + ox 1 &vt?v 



ffi'' Hi- 

ilxii:', ilx 

J01L * ifl ! f (T ' V '' *'"'' 

ilvOy p ily' 1 ityiL \(v 

(?/'' tT7-' fr .>'/' .')/' 

Svfls (Jyfln /) (';/' <'( ; 

(^ (')/'' ,'!/' 

" i V,' ~" ','; ' o 

fl.V ()y (*;; 



where: 



2,644 The coordinatus of cadi ct-nicr nf curviilurc arc: 

t ~ j P ( ^'' P '"'' 

ft cl.v * A 1 tV 

2.646 The envelope of a family of .surfaces: 

I - /''(.v, .1', c, ) o 

is found by eliminating between (i) nmt 



.C - - K ! 



2. 



0, 



2.646 The charnclerisLic of a surfaci: is a curve licliiin) hv ihr lw,, niir 

(r) and (2) in 2,646. ' 

2.647 ( Tho envelope of a family of Mirfam willi tvv. viuiutilr ahMii 
<x, p t is obtained by diminaliiitf (V itml ft 



2. 



/' I 'V -li f /v /( ^ t , ji 

' V 1 ) Jl "I '*! PJ w 0, 

* .' *t~ rt 

I ... f'l 



~ o. 



2,648 The equations of a surte mtt y be K i vt ,t ) tht- p.r.unrhi, r,,.-i,,: 

.T ^/i(, f), y M/gff^ ]r ) r 8 /fl(H, (). 

The equation of a tangent -plane at y lt y,, B| [*. 



where 



*U/.) 



ott 



, clc. Sec 1,870. 
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2.049 The dmrlinn msim's In im; nnrnial lo Ihc surface in the form 2.648 



/ ... , 
' 



2,060 If llit 1 rquiilinit of the suiTum is; 

S"/fo v), 
Ihi! <'i|U!ili<m nf I he landfill plum; ill, A- ( , vi, i is: 

- ..... (S.f-^^^-rt. 

2.001 Tin: iliiiTlimi nminrst uf I lu; minimi In ilu: siirfucc in Llui form 2,060 lire: 



2.052 Tin- (\vn prim ipul nulii nf niirviiuiri: nf ilio Hurfui:o in the form 2.050 
ui'i' I'Jvcii liy llit- iwn niiM uf: 

(tl s*)tP Hi -I </')' ( -=/"/ v ! d -I- /''O/l ^i I- A'' V '/' P 1' (i -I- /^ -1- f/ J ) a - o, 



2,053 If />i tiiul /ia arc ilu* l\vn prlucipiU radii nf curvtiUire nf u surface, and p 
in ihu I'iulUi!* n| i uivaltnc in u pltvnw milking an nn^lo with Iliu plunu of pi, 

i rns a </i fiin" 

/)""/),'' pi"" 

2.0B4 If p and /)' air llu- rtitlii uf rurviiluru in any two mutually perpendicular 
pliiiws and pi utiil fh \\w Iwn prindpiil nulii nf curvature: 

i I J,^ J.i J,. 
/) P' Pi /i 

2.06D tJiiHHsV mca-iuri:' nf ihc curviUiim nf u suifncc IK: 



WACR CURVKft 

2,070 The cquiiliams of n H|mcc curve my he given in the forms; 

(n) /*',{.r, ,v, s) * o, /'' 9 f.v, y, s) o. 

(h) x - /((/), y / g (/), s / 3 (l), 

(c) y 
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2.671 The direction cosines of tin: (;nij.; ( :ni > u *piv mm- in Hit- form (a) am: 

Hi ( 25 ! ~! ?!'$ 

fl f'fS " fc <IV 

" 




where T is the po.sitive root of: 



i 1 )/', HI-,, .'i/-', w, ,')/', a/-', 

l'M' l''.V I'H' l'v (I; iT, 

2.672 The direction cosines of IhiMaiwnl lo a ;>p;uv mm- in iltrfmiit (I.) mv 

/ - 1 v,'-/^,.. 

where the accents denote diftorcntiiils with ir'.prcl hi /. 

2.673 If s t the length of arc iiu'timuril fmni ;t lixril puint nn llu- nnvi- !; Iht 

parameter, /; 

rfx ,lv ih 
I m ,,, ,, , , . 

' (/.V (/,\ (11, 

2.674 The principal radius of curvature uf 11 span- niivr in lln* fnmi (,b) IH 




where the double accents ik\w\v si-nuid ilillVit'iiliid. with IT:IV| in t t itud v, 
the length of arc, is u function nf /. 



2.676 When 



2,676 The direction cosines of Ik- principal unnnid in ihr *\w tiiivr in ills- 
form (h) arc: 

/' s'fgV - x's") v'f.v'v" vS") 
^"' ........ ' ....... " 






UKOMKTUY 



S9 



/, , |.v' ;! I y'" I ;;' ? |*Kv'-"" ;; y.) a I (s'.v" .r's") a -I- (x'y" /,v") a l. 
2.077 Tin- ilinvliiw nmim-ii r.f iln- hm.iniiitl to lln; ctirvi) in llu; form (b) arc; 



'"'*"/' 



2,078 If >, Hit- iti-.cuiiv 
tin- pitiaiiu'lci, /; 



.V .v'l .V.V -'y) B |. 

ilitui; llir cinvr frmn ;i lixnl pinl, (in it in 
t il'v , ti'", 





wlit'iv /> i't llu* IIHIII ipiil Kitliu 

,,/ 

' 




2,079 The 



tl^ f/.v ily\ 
,/.; ,l'y th t r.\ 

of in] 'linn, or iiitliii-i of M'lnml curA'iilttrc of a .spacu cuive 
" ) v'* 1 r.' J )> 



r 



J/ V 'V 

,* ) 



Tt- .V it* givvn in 2,077, 
2.0&0 When / - : 



6o 
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2.681 The direction C(winc8oIllu!liinKriil.tti u spare Mirvr in lltr funti (i)iu 



where accents denote differentials wilh n'M]H'ri. in .v: 

, /0(.v) . 'tyW 

V ti ":-'| u ' " , " 
' (/.V '/.V 

2.682 The principal radius of curvuUirn nf n sp:tiv nuvr in lln- fmm |,t ) \-\; 



2.683 Tlio radius of torsion of a xpiiro cnivr lit tin- fnnn f) j-i: 

(r.j./ | fl'M' 
T w > '"" 



2.690 The relation between the iliivcliim nwiucs <>f ihr nui^rnl, |<iiuti|ml 
normal and binomial to a sputa curve i*; 

m n 
I' m 1 n' 
I" in" u" 

2.691 The tangent, prindpid norniid and liiitnriiml -ill linni' ntuhiiillv 
clicular the relations of 2.CX) liold among tht-ir dm-dimi ni>itiir<i. 



KKJONOMKTRY 



3,00 lun .v ' MV .v - i i'. r ,v < . . t'nl x >' - - 

ni: .1' Uli .V .SIM .V liltl .V 

M'l ' ,V - I I I.Hl'.l', t i'l-.V 1 | (dl-.V, !iin'-',V | 



vni.in ,v -- i en:, .r, rnvri'Mii ,v - i sin .v, huvttrsm x >-> win' - 

2 



3.01 MM ,v 



3,02 



J ''Hi fll-i 



vl s " tl ' v 

t'ui ( 

J 



v. 



,i v) - luu 



ml.v tun I wit ;v 



v "' I ' vl I tii'" y Mil l.v _y) ( 
v *4it ii } y) HIM y HIM (,v [ y), 
*'(>" - r '''I. 



I I .III 1 



i I tan ->' litn '- inn ,v cut- - i 



tan 



cm y co* (,v -I- y) H- n .v sin (j? -I- y)i 
r:m y t:<M (,v y)- sin y aln (, - y), 



3,03 urn* --tan (- -v) 



. m 



l\ cos ,!.v ciu (.' I- vi i ''in ' i 

V i"-|- nw -'.v ni:i i.' i v' i "' { ' 

CDS (.v .v) i'"'' <> i vl 

sin" (.v |- v-) fin (.i' y) 



1 ; r 



3,04 Tlio vuludrt nf livr lii)!iiiHiiui'liir finuiin, m i, 
ill llu) following ln.lili'. (l ; nr i.inii'.. 'rr M.Ofi,' 





sill A' II 


nis .v 


sin x 


a 


v'i 


cos.v 


./,:,,, 


- 


tan x 


s/,".,r 


'',' 


cot x = 


If 


II 


sec x ' 


T 


< 


CSC X * 


T 
II 


I 



\ 1 



\li 



\- 1 



\ I 



3,06 Th.. 

CHC bciii K 3 7T, urnl ( | MWl . uf MM- itut un.1 ,.,|. ^ | h, i:;i( , , IMV 

from the fallowing tul.ltj. I,, ,mi,, K f ntnill | ils Rivim , >HiV , fi (hf 



TKKiUNUMUTJtY 



iiinsi ly lln' nH of sunnc (jiianlily, Ihr [irnpt'r sif;u niiiy In: luken from Ihis 



Urn 



i m 



1)11 



;Sr 


;i 7T 


-' -7T '' ;!7r 


27T 


)" .r/o" 


.!'/o" 


1 


,* 




O 


1- 
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3.11 Functions of the Sum find Ditfurimcu of Two Annli' 

3.111 sin (x d: y) sin -v cos 3- :i: cos .v sin v, 

B cos iV cos v (Ian .v l Ian y), 

tun iV'.i: lun v . , , v 

w ' Sill (,V I V), 

Km ff : - an v 



M - | cos (.v -I- v) -I- cos (.v y) (tun .v t Ian v). 
2 1 J 



3.112 cos (;V y) cos ;v cos y T tiin .v sin ,v, 

cos A' cos t v (i ; ' tun ,v tan y), 

cot ;v-r Ian \ , ... . 

o - ......... ow (,v I y), 

cot .v :i- Ian y 

cot -v ; r tun .v - / A 

--'" . Hill (.V I- V). 

coL y Ian x i L 
cos iV sin y (col y r lan ,v), 

3.113 , , . tan A- -.i; Ian v 
tan (xy) -- ................ - -'--i 

J \ ! Inn .v Uin 



.-. 
cot .v col. y "I- i 

jjinjiA''!'. sin a ( v 
cos 3.v -I- cos ay 

3.1U ( , , cot s ail v -"P i 

COL (* d: V) *-*-. , 

' cot y & ait .v 



COS 3.V COS 2.V 



3,116 The cosine and sine of the sum of nny number of tui^r* in icrmn i.f the 
sine and cosine of the angles arc tfiven hy Hit; n-nl and iinaiujtry jwrlA nf 
cos (! + !+..,. H- W M ) -h / sin (.v t -|- .v-i H- . . . . -|- *) 

(cos A-i + i sin *I)(COB j + / sin a' 3 ) , . . . , (con * + f vln ,r H ) 
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3,12 Sum!- iiml Dilfrmury. <>f Tiinnwmirtrit Fundioiw. 

3.121 "i" x i "i y -< fin \(x \. y) n.s i(,v-ry), 

(nut ,v |- i-oii y) Inn .J(,v ;1 . _v), 
- {or, y nw .v) nil .}(.v T y), 

I'm SU i v) . , ( , . . 
lim .J(. v i V J (S1 "' V ' Sl "- v)t 



''ill ,V I ;iill V 

lint i(,v i y)' 

t"l -J(v-l vl . . 

- i, , (ctw v cus .v). 
I. in ,J(.v y) ' ' 

3.123 *"'* -v f.n y-. j MII .J(y I .v') sin i(v- ,v) 

(in ,v t :iin y) tan ,J(,v I y). 



3.124 



iitl i, t (( V - 

Mil 1 r-ill V 



tun v iitn (,v i y)(nu y t Uiu ,v), 
i l l-iii ,v Inn y 

ii i<ui ,v tun y) Ian (.v .1: y). 
;<iii |v i v) 



r ! 1 V , , , 

,,,,,,., r ,,,,_* I A)I l(^. -,(,, y). 

ti*a V j cms V 

ain r i nitt v *,, ,.. 4 

-- * .- ttt |(.v -r> y), 

tm .1 - r^H y 

ftltt v "it)j- inn 

ii ,i' - *in " ( 



66 MATHRMATrCAT, FOKMUL/K AND Kl.UI'TK' l-'irMTl 
3.140 

1, sin 2 x -I- sin" y ' i - cos (.v <|- y) rns (.v y). 

2, .sin 2 x ~ sin- y <' i:os- y - cos' 1 .r 

sin (.V'l'.v) fiin (,v - y). 

3, cos a ;v - .sin a y -= cos (.v ) y) cos (.v y). 

4, sin 3 (.v H- y) !- sin' i! (,v y) > i CMS j.v em _'y. 

5, sin 2 (,v -I- y) - sin- (.v - - y) sin j.v .'-in jy. 

6, ciw 8 (x -i- y) ! cos- (.v - y) I ! ens ,'.v cuii ,;y. 

7, cos 11 (.v -|- y) - t:i)s' J (.v - y) sin .i,v :>in ,iv, 



3,150 

1. cos ax cos wx " i cos (j/ i).v | >J cos ( | ojlv 

2. Sill H* Sill WM 1 (- i COS (/I W).V i Ol (/I ( Hj),l', 

3- c(s H.W sin M.V . i sill (H | m),v J sin (/( w).v, 



3.160 

1- c* + '" i- (," (cosy | i sin y). 

2 - (/" '" " r/' |i:s (y !MK ./) | / MII (y 

3- (COS .1! it; / sill A')" COS M.v ,l: / sill W,v 



7- 



4- sin (,v :i: /y) w .sin .v couli y ! i n^i .v niitlt y. 

5- cos (.v :L ly) cos .v conli y i i sin \- hiuh y. 

6. COS IV n ,:'* , r i* 



C if "M COS .V | / sill .V. 
fi""' 1 " COH.V / MM .V, 



3.170 Sines and Cosine* of Multiple; Aii((lcii. 

3.171 an even integer: 
sin we . n cos * .sin 

cos nx 
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3,172 H an odd iiiUwr: 



sin HX - n { SIM .v - p sur 1 x -|- -y --'- sin" .v - . . . 



*1 ' -I I 

3,173 H mi rvni ililrjriT: 
(i in.v..(. i)'"i.r j;i" 'sin" '.v^-^." a sin" .v 



ro:i w.v ( - 1 )" | J" ' MM" .v "j a" ;i iu - .v -|- -" ^ S "" " sin " '' x 

.,!>^A^,:,^ >-siu v-i- 
.0 " ' 

3.17d mi nilil inlrtfi'r: 

mn MA- -H ( .-O'V ( j" ' sin" x " ". a" sin" ' .v -I- i 1 !^?- 3 " sin- ',v 

I LI ** * 



fits HA- - ( i )" ' '' rw A- I ,1" l l" > -v '' Y,'- .'" :t sin" :| x 



, 

at 



3.175 n liny inltwr: 

sin ;i.v - .-in .v | j" ' cos" ' .v - "-yj"" "' a ( ' im " a ;V 

''"'" -'" ,f" ''" triis " ' A "^, 



-I- . 



, II .,,1 ,,, n ,a I "*"_ *,.' lH S *'MU "* V 

COS 'II V ^ 3" CtW H .V "" "* 'J (OS" .V "h --" p 3 COS A 
' " l,| 2! 



68 MA11IEMATICAL PWIMITUS AND KI.I.M'TH' I'UNrilON.'i 

3,176 sin s.v - .-> sili .v cos .\: 

[ sin 3,v =-= sin ,v(,{ ~- 4 sin" .r) 

= Kill ;\:(,| COS" .V l). 

sin 4,T - sin .v(.H cos ;i .v i\ ens .i 1 ). 
Hin s-v =i sin .v(5 :?o sin- .v I 10 sin 4 .r) 
- sin ,v(ifi cos 4 .v i j cos- .v | r), 
sin (i.v sin .vf^a cos ft ,v ,j j ctts ;i .v !- d ciw .v). 

3.177 cos 2.v -- cos- .v - sin- .v 

w i ~ 2 sin" A: 
i 2 i:os' J .v T. 

COS.'^V ('OSA'(,| COS-.V - ,0 

co.s ,v(r - | sin' J ,v). 
COS4.T <> K cos 4 .!- - S coiv'.v .|- i, 
cos 5;v - cos ,v(t6 ens 4 .v ao I'OH V ,v | j{) 

' cos.vfid sin' 1 x i j sin" ,v | i). 
cos 6.v 32 cos" .v -- ( |S cos' 1 .v ( iH ins'-' .v - i, 



3.178 Inn 2iV 



col, a.B 



C(l| a .V .-- 

^ cot ,v 



3.180 Integral Powora of Sine mid Cosine. 

3.181 n nn even integer: 



sn" x - cos m ~ n cos 



(tf - r) (n - 3} 



>s(tf-fi).v + .|. ( 



a) 






n] 
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3.182 n tin tulil inlrjirr: 

II I 

( i) ' f . . f v , n(n - . , * 
lin" .v , , "I" -v * ( a)-*' -I- - ;;-j - ' ( - 4) 

"<" '" ' ! 



3.183 

sin'-' .v . J{i - ru:i j.v). 



.v - (,^ !n -v sn ,(.v. 

,v - itfiw ,|.r ,| ctw J.v I .0- 

,r j'ndiin s-v s sin ,u I 10 sin .v). 



3.184 

cm" .v - ^(i I ens J,i-). 



ms" .v - Jt'.t rns .v I nw ,H.V). 
nt:, 1 .v - ^(,1 I -t t'tw J.v-l- rns.|,v). 
curt 6 ,v ..... j'rtUn cim .v I jj ens .vv ! ens 
I-ON" .v - ii'.j( > I' IS *' tw '- v I (l ( '" s -l v 



COii .V 

j.v 

a 



INVKKSK nMrW.AK MI 

3,20 Tin? inwrsw I'lri'ulur untl Innariiltniic fiitii'lions HIT nmliipli? vahu'd; i.e., if 

7T 
0<silV ' A'<~, 

Itm wiluilim *>f .v " sin fl i*; 

fl 2JI7T I- sin ' .v, 

where n is tv punitive iuU'Kcr. In ih following formulas lltt- cyclic conHlttnlB arc 
nmlUtitl. 
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3.21 

7T 

sin"" 1 x - siir'f-iv) " ens ',v ' nisi ' S 1 i .v' ! 

' n 



7T , , /" ;, 7T I . . . , 

- _. Km-' VI - ,V ' ' I ; Sill ' (,!.V J l) 

- cos'" 1 (i -- 3.v ;i ) L. tan ' - , 

\' I ,\" 

, .,!< \/'i''".v a 
2 tan ' 

,v 

1 v r V" IT 
cnC"' -~-~ / l.nr T,' l w' -M 

V/U U ''' ""* "" f |l lj.* \-\ 'I' \' t | 

.V 'A 



3.22 

COS" 1 IV w 7T- COS" 1 (-A 1 ) *'- - sill ' .V ' I'tti ' f 'i' J il 

i J 

\'l l' 1 



:o~ l y- M sin ' \ / i ..,v- 



" ^ .., n| i -T 
, tlV J t f \ , 



/ log (.v H- /V M - i)-,. ff- / lug ( vV , " . , .,-). 



8.23 

tan" 1 A; n - lair ' (~.v) w HID ' - ' r 



H I ni, v -i a-r TT 

.sin "T"; ra ; I'ui, ' .v src ' vt i i ! 
^ i -\- ,;* j * ' il 



t 

-^ M- (W -, 
* a i 



.CM-^l^-^M ,,.,/>/, .^.,.,11 



tnn" 1 c -h Ian- 1 - 
i f x 
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3,25 

i, <iin ' .v i. sin ' y win '(.vv/i .vvi, v\/i --.v 3 ). 

a. CUM l x ! nm ' v < t:tw M-O' ' \A' " - v ") U " >'")! 

3. i-.in ' .v h HIM ' y " sin '(.vv .1. V(i - .V J ) (i v'-'J| 



. .VV I 1 

litn ' x i cm ' y Ian ' \ . ; 



uvri-:uii(ii,i(: FUNCTIONS 



3,30 Formula* for tlic hyprrlmlic fuiiflioiw may lui olilninrd fntin the corre- 
s|ntiulitiK fnntmliis for llm firculur funrlimis by niplacinK .v by /.v ami using tlto 



sill iv - \i(f' i' >' /nil 
niH /.v - it'"' H' '*) '"' fs*l - v 

Inn /v - 



fnl /r -- /' ., 



CSC J,l' -- J ' f *"> '"" / fSCll .V, 

uln "' /v - / wiilr 1 x / l"K (.v -I- Vi I- -VV. 

, . . , 4 i, i . r ; i,,,r r>- i \/r"i vSi. 

t!OH (X **' ~* ( tOSlt A w!--; 1OJ- (,.1 !' V I I > ^" 



I0 , 



'- V 

lnn -i /,v m i idnlr 1 .v / log V/T--^;,- 

i i , _\ 

... i i A i* r 

col 1 w " - * coin-' .v f log y ^^-j' 
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3,310 The values of live fiypurbnlii: ftiut liuns in lrim:> uf tin- ?.i\ili air j;i\rii in 

the following tiihle : 



si nh x 



cosh ;V * 



lanh .v 



CO til X - 



scch s 



csch iv 



si nh ;v = 



S/i: -|. d a 



cosli .v 



\ i 



3.311 PcriodidLy of tlu; Hypci-linHr l-'nm IHMIS. 

The funclions uliih .v, (xnli .v, sH, ,v, rsH, , haw ,, i,, l( , K |, liltv , (rt ilt ,| , vi> l>iM , . 

CCwll.V ril^ill {.V | 4ff/ W ), 

where is any inl^r. The fimclinim tunh ,v, mil, ,v havr m, IMH.,,!.,,,, y |.,iu,| vi . 
The value's of ilm ]iy, Kf rl,li(. fuiiduiim fur il fl 
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csch 
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CO 
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3.320 
I. 



. , I . /in-ill ,v I 
MUM ,v - W 

j V .) 



. t rush .v i sinli .v . /rush .v i 
liutlt ,v . . ' . , ; \ , 

a sinli .v own .v i > rush x - i 



i. Miih (,v i y) Kiuli .v rush y :i rush .v sinli y. 

j, nuili (,v i y) - i-nsh .v rosli y i sinh ,v sinh y. 

lanh .i' .1 liinli v 



rnili .v ctilh y i i 



3,34 

1. hhth .v -I Mtih y -* 2 jiinli -Jf.v | y) csh }(' - )') 

2, hhih ,v ^inh y >* a umh i(- v I >') sil11 ' a(- v '" >') 
_(, cinti r I roli y - a ronh \(x \- y) nwh J(.v ..... y). 
,|, fi^li .v - cosh y - a sinli J(- v !' >') s ' nl) K x " 3')- 

ninli (,v 'I- y) 



. . sinh f.v * v) 

,!, *- innhy - - ,-(- 



. . sinh f.v -H v) 

cotn .r + coin v . . . 
- umh x sinh y 



?4 MATHEMATICAL FOHMU1./K AN!) Kl.UI'" 



3.36 

I. 

2. 

, COS 

4- 

5- 



-v I sinli y 
>v , ,,,,,1, v 



.vi i.inh v 

6. ,,,>, . v . (l r,hy 

lanh.V'l' liuih y sll> <->' 1 >'* 

7. TiviiFiv mull .v siuli (.v yl. 

cnlh-T-l-cnlhy siuli (.' I v) _ 

8. . aTilT,v--'n'liry ' siuli (.v - v) 
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i'. sinli (.v -I- y) + cosh (.v -I- y) - (cnsh .v I sin!, .v) (f.wh v I iiiih >'). 

2. sinh Ov -|- y) si"li U - 3') '"' H ' llh ''' - v "' H!nh '" - v 

cush' J .v - t'"sli v ,V- 

3. cosh (x -I- y) cosh (.v ~ y) - ntsli y .v i inli a y 

w inh a A- I t'linli 8 y. 



(inh .v + cosh a 1 )" ra ctls)l "- v ^ l ^ HA *' 



<!* COHll .V I' Htnh .V. 

c* IN cosh . - itinli x, 
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-.hilt i.v "i' 1 ' 1 x tll:i ' ; A ' 

,' llUtll ,V 

i liuilr .v 

t-nsilt j.v on.lv 1 . 1 MitlV" .v - a fwlr - v " l > 
i | 4 ^iilt" .v, 

i | liuilr .v 
i nuilr .v 



3.40 luv,,,, UvpnUulu Kumlnn,. ^ 

' " "'" ' 



. nti.i.1 Viilur:. "i.ly lir 




u-i mi. lunh ' 
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3.42 
I. 



2. 



coslr' 



tanlr 1 



llmh 



3.43 The Gudcnminnimi. 

r ' cosh .v . sec 0, 



"'"see 



fun 



3,44 
i. 

2. 

3- 



tan ftd * 
cosh ;v M sec Rd x, 
lanh .v N sin gd ,v. 

tanh ^ N ian 1 g,] 



7** 180 (!- 

a sin 7 o sin f H- fl) 

sm -.a^.,!, on _ LJrL. 

' 



3iCO 



l.U I INN O..' 



1'I.ANK TR1ANOI.KH 



7 tiHKlfrt "ppnsilr I,, (/( /,, ,. ( 
-I nit'it t .f i nimle 



, 



a- 



/- 



I'llS It - 



sn 



,v(.v 

("I /r *l a 

' 



!/>/*, /?<- mid Inn tute valiu: rwilu. When 
i twu values. 



Mil 



sin 7. 



fl sin 7 o sin f H- /?) 

-...-!, on _ LJrL. 
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Given Sought I-'uniiultt 



a-, !>, 7 a Ian r ^ si " T .. 

fJ I/ HIS 7 

, /? .J(-l-0)"-i)o"-. 37. 



C > > (((- ! /r (// COM 7)4. 

!; | (d I' /')" ,ii/j i us- , 



</ sn 7 
.sin (V 

A '-> ^ i//i .sin 7, 



.SOLUTION OK SI'IIKIUCAI. THIANtil.l-IS 

3.61 Kitfhlxmglwl Hphurical triiinKlt.-H. 

, A, * s!dH uf LriaiiKlc, i: ll.c ,i,Ic u^M,, 7. ,| 



. ft 7 - luiKlcs (tpimsitr , /,. ,-, ivrt 
3.611 ,Na[)ic i r's Rules; 



From too rules the f,,||, w | IIK ,,,|,,. a i ( , na f()||mv . 
sin ti n sin r sin <v, 
1ft" a - tan <' M ft * sin A ttut , 
HI'II ft sin c sin ft 
tan ft * (an ,- ww m sirl (/ (ftn ^, ( 
cos a M ( -,,s sin ft 
cos /3 M cos ft sin a, 
cos c - cot cot 8 - cos A cat) h. 
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3.62 



(tiveu 



tv, (j, y 



i, c, 
nili 
WII 



oe, 7, e 

Ambiguous case. 
Two solutions 



<l I'pliri'ioil liiiui^lt';i, 
i Milr-i (if tiiaiiji-lc. 

7 iiMKlni tippnsiic hi i/, fi t c, ruspcciivitly. 

' J (" I />!<), 
r j (<* I # I 7), 

* *f I /^ f 7 i No - Hplicrical rxcr.ss, 

V - 'iin fiicr itf lri;tii|fltt un splu-rr nf radius r, 

^iwyjit l''nF)iin!ii 



sin (\ /i) sin (x .... c) 
sin /i sin r 

fau rf ' tv - s! " ^- ' l} sill ,( v ::J'). 
! sin ,v sin (,v </) 



(V 



(V 



Hill .V Sill (\ (1)^ 

Iiiivd hav(/) () 
sin /< sin c 

Imvrrsin i/, 

rtts (T ens (V <v) 
sin /^ sin 7 

ens (,<T $) cits (ff - 7) 

sin /^ sin 7 
,sin ft sin r 



7 sin 7 M 

Mil If 

J (inn tf " Ian ens r. 

1 >iiii (^ f- tf) sin (? tan c eiit ff 



wn (A -h 0) 



oil </> M luii f ens . 
eos ji Hiiij/t 



mn c 



in (i sin 7 



m 
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Given Sought- 

I 



fl, &, 7 6' 

tun tan a cos 7 
tan = tan i cos 7 c 



ct 



tun .. l:in n cos y. 
sin (6 0) >' col (V Ian 7 sin fl. 



t . sin .J(iv 17), i/ 
Lun - A <. -. :; '. tati .}(<( 

a sin .J( 7) JV 



sin (/i - </) 



"cus.}( ( v 7) 

col, t/t < cos (i [an 7 

cos (V sin i/t 

cos 7 

sin i(.i <) 



tan .}( ! 



7). 



;..;; ' w* > -7). 

cos <: v> cos (i ni;i /' | ;-in (i Miit /i nm 7. 

ctm ti cos (/i - 0) 

Cos (;'-* ,; 

CHS (/ 

('(IS It I'll'i ((/ (/l) 

cos i/i 
Imv c " Itav (tf h) | sin ir i-in l\ hitv 7 



lan (V 



sn 



Inn 



lim -(!" 

,r a 

lan 



.tin lan 7 
sin (I, 0)' 

sin 7 sin /i 
win i 

sin <v oiii /* 
sin it 

sin r/t lan 7 
nil) {./ 0) " 

nw if n -- /) mi i 



sin 



c, a, /5 

tan cos c Ian a 
tan <f> cos c Uin /3 



7 



cos 7 K - cos 
cos 7 M -IS^. 



,in 



cos 



ton 



J.an r sin 
alii ..... (SF+D' 
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ftinnula 

lun i' sin th 
' 



tun , 

, -Sill l | 0) 




Uiu <: 



shl if(V -^.^.i!:. 
sin J (!/*) 

ml .\u I'd! U -i- cos y 

' " ............ ' 

sin 7 

tan \x Inn i(,v-rt) Ian -}(.v - A) 

lull i(A'-c). 



I-'INTIK Sl^tir.S til-' CIHCtM.Mt VUNCTIONK 

3,00 H flu- stint,/ (r), F llw linitt! or inlinitu seriwi: 

/ (r) ' ifu I ift r I -uar' 4 !< 

is known, tin* sums uf Hit; MTIIS: 

.V, - .( 1( ow .v I fit r i'tis (A- I v) -I tig r 1 fus (.v ! 3,v) !..., 

,S' a - ,; bin -v I- Hi r win (.v >! v) ! ih r a sin (.v I a.v) 1- .... 
lire; 

ft - 4l'"/(>' t "'> t - "/(" '")! 



3,01 H|wt-!iil V'iniit! Scrip 



. H,V . 'I' T 

tin ;" s*" 1 " V" ; 



ItX . W "r t 

* cos am " *' 

a- Z^ COB kx - x 
fS sin "- 
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n 

S. n, " 

^Sm-fc--' 

II 

A V (m U'r --"- -I- -'" !i 

4 ' Ll '.'. 



'.'I! 1 
JI--I _ ;f ni'i | J \ 

S, . , sin H.r 
*'"** ;.,, 



6. 



A-o 

H| 

10 



12, 



n -I 

3-2; 



V 
" > '' I 

8, 



Si \i. i ' / i i, , > '''* r -' J ^ | 

(-l) 1 ' 1 S11I (jft l).V ( I)" 
," i*>'. i 

' ' \ 

M 

* 



-*" -(:=?.)' 

. *' * ' 

it 

is. 21 f 1 *" 11 ' ?)'(' '''?) 3 -i'. 



TUU'rONOMKTKY 



HIT HIT 

I'/ 



r ens sin 



a i 

X^ - An* 

U). / , Sill " I'tll 

>w ;r 



3.02 



k~i 



Wiitiitui (Phil. MK- .U P- In - '0 ""0 lt:* iilituiurd an iisy 
for Ihi* mini, ami lius Kivi-n llu* fnllnwinK !ipimxiiiiuiinn: 



p.oo.i 0.005 
H '" ..... /i 1 ' ' n'<""~" 

Viilius nf .S' n uiv liilmlalci! liy ititi-wrrs from n - a tit ,i i" ( l f'' 11 ' 11 
(it ;i too III ink-mils uf 5. 

Tin- t'x|tiinsinn nf 

fur 



JTT ,., .air 
whrri* , - '~"' < ^/ : '*- w " 

in itlsu 
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3.70 Finite Products. 



sn- , 



n 
/ i - . 1 n even. 

I 



, ., A'TT 

A"! \ SUP 

\ n 

n 

Msin- .v \ 
I i - , 1 II rVt'll, 



a; w I I 



*.*i. 



n/ ""'" A' \ , t 

I I - - \ II lltlll. 
u tW I 

t. . . . I UUlJ .,. I 



*il Hill 



HZ 1 
u 



n- 1 

S- cos iix ~ cos y a"" l TT I ens .v -- n>s [ v I - a } 

-*- V n / 



I 

6, 



n/ SlIP ,V \ 

/ I ~ - ' , \ II (till). 

I > ,, 2ft I I 

ilAlT^ 
.,( . r. TT f , / aAl 

" - 2<j."fl" COB ;v -|- $ n "" I I < n a - an/' rtw f ,v I 

4.J. ( \ ;; 

ROOTS 01' TRANKWNUKNTAJ. KlJUATIONN 

3.800 tan $ - x, 

The first 17 roots, ami tliu t'omsponding niiixiniit iintl iniitiinii uf MU 

.1 

arc given in the fallowing table (Lommel, Ahh, Munch. Akiul. ( j) 1 5, i a,(, i.S) 
w ft'. M[IX,WJI,I 







Mill x 


I 





i 


2 


4"M).M 


-'0. 217,3 


3 


7-7 2 S3 


-1-0.1384. 


4 


10,904 1 


'"O.OUt ( 


5 


r 4. 066 a 


-|-0.070<j 


6 


17,9308 


-0.0580 


7 


20.3713 


"h 0.0400 




33'5i95 


-*O.Oi|3^ 


9 

10 


26.6661 
ag.fi 116 


1-0.0375 


ir 

12 


32-0564 
36.1006 


+0.0303 

-0.0377 


14 

T r' 


39-3444 
42,3879 


+0.0355 
-0.0340 


I S 
16 


45-53 " 
48.6741 


+0.0330 

"-0.0205 


17 


JIT. 8 170 





TltlGONOMKTUY 
3.801 

tun x "---- 
a -- x* 
Tim lii'Mt llii'i't: runts an:: 

;l'l o, 

T_ 
.\a " ny.-zi Q( 

:v.i > 3.10, K -;" 
1 1 .10 lKo 

H .v IM lai'^o 



(Raylt;ij(h, Theory of Hmind, II, p. 265.) 

3,802 

. .v 1 - (j.v 

tun .v ,"--- . 
<|Ar "- y 

Tim lirttt, two rtinU arc: 

(Rayldtfh, I. c. p. 266.) 
3.803 

I ji n v f-v,i ^p.- * 

Lltf J il* r " (, 

Tliti first two room ttro: 

A'l 0, 

.va - a. 7-14- 

(J. J. Thoniwtn, Recent Kescarchojt, [). 373.) 

3,804 

.1 



UllLVM , 

i ., v* 



This first Ht'.v(!)i roolH are; 



(Lamb, London Mfttli. Soc. Proc. 13, 1882.) 



tan* 
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T\\c fust seven roots arc: 



3.806 

'.I'lic roots art;: 



3.807 

The rmils ai'is; 




A',, a i'/r ".( 

3,808 

I ..... (i I- .v' ! ) in:* r n. 

The roots arc: 



;V fl *> ly.-'.Sint)?. 

(Si'liliiinilrli: 

3.809 The smalleHt root of 

> ml - o, 

0W* if #>*$. 



3.810 The smallest root of 

() - - ciw -- o, 

' >[ " " 4? "*' (1. i:. p. 353-) 

3.811 The siniilleiil iool of 

,rr r -- :>. o, 

!M 

" S "'' (1. ('. P- ;W-) 

3.812 The iinmlh'Hl root of 



3,813 

Tho I'n'sl riHihi 



-t'-j V-V-M. 

A' | ' I.|.OV. 

(Cullii, AniiiiU'ii l<'i' Pliysik, o$i 
3.814 



The lirjil roots itiv; 



,V;| ' 'Ml'/, 
A 1 ! IMI? 



. 
(t.iillo, 1. 



3,00 Siu'cisil T. . . , 

siu d * 0: The Hrilish Assodulum Rqmri for 1016 cniiluiiw the ft.H.w 



, . n 

Tuhlc I. p. fio. sin 0, cos 0, cxprusml in nuhans from o U. - t.' 
inlervnlo.ooi, 10 decimal places. _ 

Table 11, P- 8. sin 0, r - COB 0, - o.ooooi Lo - o.ootoo, mlc 



P ,Abh.,lK.l'.AM..lr\Vi ,,.... "I , 



it o ,<An IW K" inU'i'viiK 
tables, o 9 - loo , loi i. 1 ) ...... | . 

Tables lor Solution of Kplwru'iil I ntmKHv.. 



s lor 

r 



MaitaiUK'alTal.lr.- nvpnl^l, H.H.U..H-., ...nu.m tnt 
most complete fivc-plw-e table* nf UypnUi' Him Hir.. 

Table I. The common Imcurllhms 0- " - " ' " h "' lrt " h "' "" ll " : 

0.0001 I" - O.IO*X> illtf'IVill (H*-*l, 
H M 0.001 IOW - .l.WX) illlflVitlM^tl, 

Table II. sinlitf.wtshw.lHiiliw.ntlhw. Sanii' i*uiKf- 1 iiHftval-.. 
Table III. in , nw , I"M. n u, l*Vi ""' ' 

0.0001 10 K O.lfc^ illM-IVitl tu **, 
W t! ^ 0.100 10 II ~* !."*.) 

Table IV. loKioe" (7 pliu'tfO, f" tl * " <7 ^)!"iii^t"i iittn-'l: 
o.ooi LOW * a.tj.so inh-rval ^.wn, 
3.oo UtH ^ II.QO imm-aUt.m, 
u m 1.0 lo * 100 inliTVitl i,t* IM ' ! " i'H li ""' ! ' 

Table V. five-place lalilc f imuiri.l l^'ri<hiM ( I"M " 
w i.o to it * looo inim'rtl i-'i 
M 1000 to tt * 10^00 vftryln lulrivrtl*, 

Table VI. i'rf (7 places); it cxprt^wl i< r^'li-Wi H - * f '"" 
interval o.ooi, niwl llic correujHintlinK miitukr itir*nr. w - i 
interval 0.01. 

Table VII. jjrf-'K, in o'.oi, in icrm* of #f N in *lntrcr ami miimir^ Irni 

_0 .' In Q n O m' 



TJUUONOMKTJIY 



8g. 



Kennelly: Tables of Complex Hyperbolic and Circular Functions. 
Cambridge, llarvanl University Ites, 1914. 

Tin' romplex argument, .v ! / = /M'. In the tables this is denoted p/S. 

P :-: VVH'fA lim 6 " //-V. 

Tables I, II, n,,l. Kivu till! hyperbolic sine, cosine and laitKont of (p/S) 

expressed as /'/T: , 

6 /| 5 to 5 <jo uiUirvftl i 

p .. o.oi l.o p " 1J ,'t.o uilcrval O.T. 

Tuhla IV ,uul V give ^.^^.rtmnl .. -'/ 7, - P^, 

p o.r to p ' 3.0 inkM'vul o.t, 
fi - <IS" lofi - 00 inlm-ul T. 

V! K ! 



p o lop - 6.0 inU'i-vdl O.T, 
p i." 6.05 tn p ; ! 20.50 intorvul 0.05. 
Titbit VII, Vm and IX K!VC sinli Cv -|- /), wwb (.v -I- (V/), lanh (x -I- /'/), 

'xnrcrtHwl an M- ^- . . , 

;v w o Id x <* ,V<)5 interval 0.05, 

(/ *. o lo</ "i 2.0 interval 0.05. 

Tabl X, XI, Xll KIW ninh (.v -I- /(/). ' (* ''' /). lilllh (* + /f /) cxprcHscd 

H i* / -v; , , 

A- o lo x ,VOS interval o.oj;, 

(/ *. o lit </ "- a.o inii'i-val 0.05. 
Tulile Xl'tl Riw Hinh (,i -I- /'/), cosli (4 '1 W. I""' 1 ('V "'' /) PHc<l l>Lh 

UN it -I' /tiiuwl r/7; . , 

,j m o to v 2.0 mterval 0.05. 

Table XIV Wives and IMJJ; |O - 

;v 4.00 Lo ;v ro.oo interval o.ou 
Talilc XV KIVCH iho real hyperbolic lunclionH: sinh 0, cosh 0, lanh 0, colh 0, 



3.5 to 7.5 interval 0.1. 



Q0 . [--muuui,!.: ANP n.u.'rir ..-< ..... ^ 

Pcrnol and Wnnrls: l.,p.ritbms ( 1ly|n,-l.lh l-un, H-,.-, ... ,, Sip.i.,, -.,!. 

. .rft'iilirnnMa I'..-,,, ....N, 

Table I- lo K , ll sinli.v I willillH'lir: i iil.i,rI.M,- 1 ,-..M-.. 

.V- .0000 lU,V -! <'l. s i Hl'-IV.ll .... ..1. 

Table II. locuH'osh .v. 

x o.(xit) tn.v .'.u.i-! 



Taiiic in. 'Miw I;U)|1 - Vi 

.v= o.ono Id .v 

,v 

r 



siiib , 
Table IV. loR,n--- 



Table V. 

.V : 0.000 I" '' ":S nl1 '"' 1 ' IV ' 1 ' """< 

Van Orslnmd, Mniutirs ( lit.- Naiinnnl .V.ui.mv ..l 'nimM-,. V.,1 XIV. 
fifth memoir, WusliiitKl"". Il '- n - 

Tables of l , c'.r'*, <:"',. ^..''.'"V'i'i 1 '. 11>I ' ' 
sigiiificant liguruH, 



IV. VKCTOR ANALYSIS 

4.000 A vtrlur A has eompimrnl.* ulniif; lliu llm;c le-cltmKultu 1 IIMIS, ;v,y, 

1 .,-, 1 i/i I * . . . , . . 

,'l Iriitflh of vrclui 1 , 



. , A .1, .-! -I, 

I'usim'S ul A, - j'r'i't - ;p 

4,001 Aililiiitui uf vt'cturn. 

A 1 B C. 

C in ii vtvlnr wilh rninpniirnis. 

C, .1, I />' 



(', -I, 
4.002 - aii|.;li- lielwtrn A and B. 

C vM- I A 

ens (i * 



4.003 If n, h, c HIV any llnvc ntm-eupluimv vn-lurs t>f null U'nKlh, any virlitr, 

H, inav tit* cMHt'wrd; 

R fin I M> I 'C ( 

wlu-rr ., ft, . IUT Mir IntRllw f U"' prnjn-linnrt <.f K upun n, I), c n-spirliiTly. 

d.OOd Si'uliir pnnlnct "f Iwn vreturs: 

.S'AB (AB) AB 

tuv fituivuli'iil nttliilitHis. 

AB * A n ens ,-l H, 

4.006 V?rUtr piuilwl of t\vn verdus: 

I'AB - AXB -[AB]*-C. 

C is a vi-clor whose IcnKih in ( ^ 

Tlic .lircclion of C i pcrpcwliciilnr toj.nlh A and B such that a right-handed 
,.,,,! M i,i r iitrmiffh LluitiiiKlc AK turns A into B. 






MATCAT, ,.....* A",, .a,,, V.-N. 

., < .. lu.mriulii iil-n I'Tiuli itihn. It ilirir dim: 

4.006 U^'r 111 ' 1 ^ 

tions coincide with lh uses A'^,- f " I111 '- I|WI > 

A, :AA I -IJ I -Ui. 



4.007 
4.008 

4.009 
4.010 



1/AB 



... jlc kj hi i 

rij HI -i. 

Fjk I'hj i. 

I'M-- nit i- 



4.10 If A,B,C,urBnny llirn- v.-rltmi: 

AI'BC-ni'CA-CrAH 

u Volunu! of piimlk'li'pip'' 1 '" 11 1"> V ''M', A, HI <' 'i 

i l . 



/I, /< 



4.11 

1. 7A(BH-C) FAB-I-FAC, 

2. F(A -|- B) (C -I- D) - KA{C I D) I- 

3. FAFBC - B.S'AC - C.S'AB, 

4. FAFBC^FBI'CA.1- I'Cl'AB-t>. 

5. VAB.ra>AC'B-BC'AD. 

6. F(KAB-FCD) - C.V(DrAB) 



). 



A.S'(B1'C0) 
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4.20 
i. 



//AB - A</B"| 
r/l'AB <> FA^m-|- WAB 
- KA(/B - 



4.21 



Uv A 



;;; j 



VA -< rurl A n rn( A 
1 J k 

rl I") /> 

il.v ily i>?< 
A, ,1, ,1. 



4.22 

,. n ,vl gnitl - niri 

t 
3, ttiv ftmil * - 7V* - 

;i. iHv rurl A * o. 
. curlcurlA-nirl'A 

5 . ^ a A 

* i *" 

6. AV 



div A - V U A, 
VI + kV'M , 



2 



3 . KVJ'AB-.(BV)A- (AV)H I A -I.'- /' 
,, div0A-<HivA I AV/'. 

5 . curl*A.-r.V*Al0n.rlA r-!.. 

6, VA- a(AV)A I jl'AnnlA. 
7! C(AV)B A(CV) I Al-CutilH. 
8. BVA 11 aA(IV)A. 



124 R is a nuliiw vn lot' ^ 1' m-,'1' ' - 13 " 1 

H - r, 



.H 

I ' 



v 1 

I 



Vr - H - r 

r 



e, I VK - im It 

0, VK ( ' tv 1* 

7. '-.' - rV$- 



9- , WA-- 

10. (AVm - A. 



4.30 c/S nn clement of area uf n Mirtorr 
is IhaL of ihc iitKiilivi! normnl In ilir fiiirfjti 



VKC.TOH ANALYSIS 05 

,/H . an element nf arc of a curve regarded as a vector whose direction is 
Mint, of I he posilive laiwiil to the curve. 



4,31 (laud's Theorem: 

,/'/./' div A</K< ./'/ 



4.32 (IrceM'nTlieorem: 



4,33 Slokes's Theorem: 

// curt A(/S /A(/s. 



4,40 A polar vector i* our whose components rt-fcvrnl lit n rvciaiitfiiliir system 
u'r iixi-s, nil rlmiiKf in sign \vhen the llrnr axes arc I't-verse.!, 

4.401 An uxiitl vcclov is one whose cunipuiH-nts an- unchanged wlint Mil* nxw 
me irverneil, 

4.402 'i'lte veclor pnnhict of iwo polar or of twn uxiiil vetois is un axial veclor. 

4.403 'lite vector ]ro.hicl of a polar ami un uxiul vector is a polar vcctt.r. 

4.404 'IV nirl of a polar vector is an axial vector uml ihc nu-l f un axial vector 
is a polar vector. 

4 40D Tin- snilur produd ( ,f iwo polar or of iwu axial vectors is a true scalar, 
i.e., il lu-cp* its Ai K ii if Ihc axes it. which the vectors are referred are revered. 
4.400 The. walur product of an axial vector and a polar veclor is a psen. In -scalar, 
i.e., it chants iu Rn when tin' axis of reference are reversed. 
4407 The product or qimtie.nl of a polar veclor and a true scalar is a pultir 
vector; of nn axial veclor and a (rue, scalar an axial vector; of a polar vector 
ami a pMiulo-Mcalor an nxiul vector; f un axial vector an.l a ps.'u.lo-scalar a 



BiMiA-nrAi. KimMin.*: ANI. M.i-iiM-ir 

1408 The gradient of u im lr i P" 1 '"' v ''' "" ' ''"' I: ''" il1 '" 1 "' ll I 11 " 

scalar is an axial vector. 

4.409 The divergence of a polar v.rior i* u "m- M.tl.ir; ul un ;m,l vn 

pseudo-scalar. 



4.6 Lincai- Vector Vimdiuntt. 

4.610 A vector Q is u lim-ur vcrtui 1 fimilinii <[ i vr. mi U if ii-. < .|i|n.nt-iu-i. 
Qi, ft. (^ aloiiK any thrw nun n.phtiiiii us.-;, in.- Imr.u ltmli..i t , .( il.r . ..... . 

poncntfl'/ii, ^ 8| K, of K nlitiiK lln' iiantr M-.. 

4.611 Linear Vector 0|H'Wlor, If w is ilu- liiir.u vr. I ..... JM-.-UHI, 

(,) wit, 
This is equivalent to tint Urnr sctilur n 



(oA'i i WjjAS i W;>A', 
W.nA'i 



4,612 If ft, b, c are the llmv mm I'upliUiiir unit ti\r-'. 

ti) * .v.htDn, Wfli - 

W - .SMiwIt, tthi - ,*.C(flt, 

.S'.ftwc, w^,t - 1 .V.bwc w> - .v d'k, 



4,613 The conjugate linear vwltir i)*rjiii*r w' in nt.uuiu.l (int u I.y n-|l;u ii 
Wwby MM; //> ft * i. a, ,\. 



4,614 In iho symmeiriwil, or wUnrnju^iic liiihtr vnMr M|(riU.*i t 
by to, 

w " \it/A t w*). 
Hence by 4,612 



4,616 The general linear vcrlnr fum-timi t^R mv wKvity^ I*** irwiKr*! intii ilin 
sum of a aelf-conjugftte linwir v:ir (umtitm f H niitl ilir vrti*i 

R by a vector ci 

flR * wR i I'.cR, 
where 

w * j}{w ) w'}, 
and 

c }(w - coiiU i- )(wu - w,,)J j }(u ri - wiilk, 
If 1, j, k fire three mutually pcrjjcndiculnr unit 



4,616 The general linear vector opernlor w mny 1m iltriermined !>' lhr? nnn- 
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A ftWu -|- btOia *|- 

B 110)31 -I" bWaa -I- 
C " aW 3 i -|* bWaa -I- 

illld fi.- lft A l .A.|-b.V.BH-c.S l .C 

4.017 If fi i H'O general linwir vector open 

wR '- Rfi', 



4020 Tin- symmetric-ill or Helf-w.njiiKiiU! linwir vector operator 1ms three 
imiumlly pitrptiiHlinilar axes. If thm- lie taken along 1, j, k, 



w > ..Wi-l-..w--- 

\v\w\v. w h Wa, w.i arc scalar n'UiMlilU's, ilui \w\im\m\ valucn of w. 
4021 iMrrml In any sysltmi of lliive mulually purpcndinilnr unit vectors, 
a, b, c, llu! wlf..-t.nJHKttt oFralor, w, is .ItiU-rmiiie.! by tlic llirce vectors (4,010); 

A ton ' (icon -I- bwia -I- c<0is, 

B wb - ftWai ( bWaa ! cw a a, 

C we ncoiu I- bwsa -1- 



w - n.S'.A l-b.V.B-1-c.V.C. 

4,022 If // is "I"' f Hu' pHnnpnl viiluoH, co,, to,, Lhesu are fiiven by Iho rool 
df \\w I'uhii 1 , ,, 

..... iV.An I .V.Db I A'.CO -I- (.S'.I'BC I -V.bl'CA |- 8.ol 



d.023 In imiiwrurniluK fnm one In mmilicr syslcm of ,-ocUn K ular axe. 
Uiu ftHuwliiK i"**- 1 mvuriaul: 

.S'.Aft I- -V.Bb I- A'.Cc * Wi ! w a -I- Wa- 
.Vftl'DC I .S'.bf'CA 4 .V.CVAB - w a w a 1^ w a co t -I- co,Wa. 
.S'.AI'BC 

4,624 

W, !. w a ! Wa * Wn 4- Waa -I- Waap 

-I- 



4,026 The principal axes of Hie aclf-conjugaic operator, w, arc those of the 

con-^ -I" / + rfP + w3 + '' 3Wl3V - v nmrtt " 
. _ _ ____ ,, ,!<. nv i> in ihi- (liriH-tion of n, b, c respectively. 



4,027 



I 11 -' 



1628 



V. r.URVlLlNUAR COORDINATES 



D.OO ( liven llim- surfiuvs. 



if*jr| i"f'l i F " * " I ' 

L* 1 frr fli." 1 ".^ "flp ' 




B.01 Tin' lin*:u' rlrnicnt nf urr, (/x, is Kivrn by: 

' 



5.02 Tlu- irft-e t-lumen 



of p.iralMKrams 



three surfticc^ arc 



OUUVIUNKAII ("OUKDINATKS 



C.07 A VITUT, A, will have Umu components in the directions of the normals 

1.0 till! MI'LIinfTUmil SUI'IUCI'S U t V, W; 



fi.08 



. / ill! ll. 



0,00 The jsmilit'tn of ii HfHliu- funrlion, ^, Ims Uirtu! compcinuiiLK in ihu dircclinns 
of Mm iiuinwlH tti tin- ilm-i! 



0.20 SpIitM'ini! t'nlui' (Ntflnli 



I W ^ f/), 

.v *- r sin (3 rus 0. 
v r sin fl sin </), 
g M r t'ttrt 0, 



rfr 



V 



/* r xin 

(/.V r r' J Kinfl(/fl 



Qtl<f>. 



IV 



h S in 



CURVlI.INMAk 



,. ...,, 

" V 



( -V)(t.. V,) ' 

' t 'it') (/>' I W) (*' I ') .'J 
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6.23 Conical Cuiinlimilcs. 

The Ihreu orlhoKoiwl surfaces air: Mir '.|>lu-n- -. 

It .r I r I -,- ', 

the two cones: 
2, 



8, 



. A 



airlu A 




, ... i ' , , , , , 
0. ilivA -' -.; vr (.! 

1.1. ,l 



\ i ' 1 



V V A', 



\ '. 



6.30 Klliplic Cyllntlt-r C 
The three nrlliogumil 
i. The elliptic cyHmlcnt: 
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a. Tho liypt'i-bolic cylinders: 

x^ __ _ f 

cV "' <;-(["--" IT) '""' *' 

;i. Tlir pluni'M: a ^ <. 

a<: is llu: ilUiinu! liolwmi Hit; fod of Urn amfocul ellipse nml hyperbolas; 

-|. X HIV. 

K. ;V -M;\//f" - I VT--- lii 






a wa... - l ,7'^,,,.'^ , .ill. 

v i.v j .- t.' J )V>'< ? ' id'V fl3 1J 

i-tn-l A ' (7/l ''' l 

Ulll lt A ' , - ' ., ...... ., 



<nil A , " 

tun,, A *-< ,. "- 

'' r\ 
,,,,, , A , . .... . !_ 



0.3i I'unilmlir ('yiindc'r Cuiirilitiiili's. 

Tin; ilm-t: (irlliii^imiil surfiuvs nrc llu; Iwn ptiratilio cylintUirs: 



a. 

Ami tin: 



w 

v 



^H lJL( tt 
^. a//. V c 
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. , , / V <)A S ' <>A,, 

curl u A = \/ ,. ' 

> it -I- v (h> it -I- 1 1 ' 

. . ;/. (VI,, / jt It A t 
curl, A =. ~ ~ V .;, . i . y 'nit' 

i A Vm 
curl. A 



5.40 Helical Coiirdinales, (Nicliolsnn, I'hil. Muj;, ID, //, 

A cylinder of any cross-sei'lion is wound nn :i i in nl;ii i ylimlfi in llir I'mni nf 
a helix of audits (Y, n I'udius of i ircnliir ryliiulci nn \vhirli tin- iritli.tl lint' nf 
the normal cross-sections of Ihe hrliral tyliiidri' li(vi. The ^; a\i-> i, \\\\\\\\\ Mir 
axis of the cylinder of rmlius ". 

u - p and v - (/) are the polar cuiirdinnlts in llir plnin- nl' ;iny immLiI -;ri linn 
of the helical cylinder, </> is mnisuivd from a line jinpi n<lii nl.u in , ^itd in Mir 
tnngent; to the cylinder, 

w ^ t-. the (wist in a plain 1 pctpeudii'iiliir in :; n| tin- lailin-. in ilui plain- 
measured from a line parallel in ilic .v axi-i: 



i. 




., 

(/SCC"(V I .HI/) in:il/f | /l|m;. ! t/l j in 11 -.i|, ,/, | 



5,50 Surfaces of Revolution. 
s-axis axis of revolution. 
p, - polar coordinates in any plane jHTprmli. uln- m -iuh. 



In any meridian i>lnne, s, p, (k-Mfriniiu- , r, fmni: 
2l /(3-M'/>) - I -iv. 

3- u. - 0. 
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6.G1 SpluToiilii! Cuiinliiijilrii (Prulai,. Spin-mills): 



am! llir pliuirs, 

:>> 



- I /'/' < ciish (H | iv). 

'' c nisli // cus V, 
p i- .sinli H :iiii v. 

MllTiMVSiUrll^^ 



' f) 

r ",;-'-,'' -- r i r 



\Vilh mis (/ A, ni:i i' - > /,(, 



/ " ,, 

''" '.-MA 8 ' /i a )' ^ 



S|ihfriii<tal CiiJtriliiiiiUvi COIilait* SplirmitlH) 
/> I /";; r ctwh(w I /:>). 



s <-! r siiili mil ii, 

/) ' (' Ciwil )/ COS J', 

A, t'tw i' -a ^, 
X' J i 



j/a X, 
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4- l - 

6- -I- < 



5,64 Toroidal CoiirdinulCH 1 , 
i. 



P '-' ' , 

cosh it nui ii 



cnsli n cos (i 

, , cosh it - cos !' . t'osii n cud i 

3- >h = //a M ........... * Ai ' . . 

(f </ Slllll /f 

The three (irihogomit surfuct-H IIHI: 
(a) Anchor rin&s, whose iixinl circles huvc rmlii, 

</ culli , 
and whose cross-acclums art; circles of radii, 

</ csch ; 
(I)) Spheres, wliosc cenlern arc tin (lit; IU!H of ivvohitinii ut tli^ 

:! (/ Citl, !', 

from llic origin, whose radii are, 

a esc f, 

and which accordingly have a common circle, 

/) ^ ii, s w o; 
(c) Planes through the axis, 

w * * ntnst, 



VI. INFINITE 8HRIK8 

0.00 An inl'mile scries: 



is uhsotufely rmwiTKimt. if i\w, series formed of (ho moduli of its terms: 

I "i ! 'I" Ha ! -I" | Ha| -I". . . . 

is nmverjjeiil, 

& series which is n.nverKenl, Iiul whose moduli do not form a convergent 
series, h ruitiHiinimlly converge!)!. 

TKSTS I'dll t'ONVKUIlKNCK 

0.011 Comparison It-st. The srru-s 2u n is tihsnluU'ly nrnvei^mL if u n \ is 
li'ss (him (' ii ( , | wlu'iv (' is i) numlirr indcpfndciH of u, utid V H is llui ;/ilt term 
of annlhci' scries which Is known hi hit ahsoluldy 

0.012 I'ltm-hy's .(. If 



Limit 

n ,,, 

Ilic, srrit'H 2r/ H is uhsolulcl 



0.013 I I'Alcmhcrt'H test. If for all values of // ^milcr thiin somo li.wd vnluu, r, 
the, ratio ^' is h-sn than p, where p is a positive mimhur less lhu unity 
and independetil nf //, (hi 1 series u n is ahsoluiely I' 



O.OH Ciuu'liy's iulcKral lesl. UH/(.V) he u Meadily decrwiHiiiK positive function 
such ihivt, 

/()??. 
Then (hi* positive term serii'n </ in cnnver^nl, if, 



is cnnvcrgcnl. 

0.01B Kauhc's tcsi. 'lliu positive term wjrltw wii, ( is convergent if, 



r, i i. ,* 

U is divergent if, 



no 



HATIIKMATICAI, I'lMJMPl.i; ,\\H IIMI'IH 



6.020 AllernnthuiHi'riis. A serin of real tnm.-. alirni;Urly pn iiiv.- an<l n,^,i. 
Live, is convergent if <i,i\.\'-<i mi'l 

liniif 



In such ft series llui sum of Ilir lii'jil \ Irrni:'- iliiin-. IH>IU Hn- MIIM >.\ ilir M-MI-, l n - 
a quantity less thmi Ihr mimerit-al vahii' n| MM-I'- i ii>/h-tin. ! 

limit. 



0,025 If 



i, ilir i-nit". ., v-ilt !u .il. ,..!n!i K ci 



(here isa posilivc iminlitT c, iiitlrpriiilriti t.l n, -.nrli ib.n. 



6.030 '.I'lui sum of an iilwilulrly mnvri^ctH ri 
Iht! itrtktr in whii'h llw Ici'iii;. tin in , 

6.031 Two utistilulfly tonvrij;rni '.fiir., 

.V - i i H; i n, i 



may hi; multiplied ln|;n|in', aii<l (lie MIMI \ iltr {i)!n> i j itt* it h un >, v, 
in uny order, is ,S"/', 

.V/' - ;/,!, i tt,','> j ,i, i , , , , , 

6.032 An ttlisnlutt'ly rnnviTtfciil pmvrt <,n\i--. nuv \>>- tliii. -i, ms .i 

RraUnl lorm by Imn ami Hn- ivr.uhiiiK -.ni, , JH l, ( .i^.^imrU n.mn^m ,in,[ 

W|Uftl to llic iliffrrt'iilial ur iult^ial t.l tin* MIHI "I ill" r>*f ( ., 



MI 



6,040 Uniform C 



Is uniformly ctrnwrKriilwitliitmnTiitiiiii^i..!! ( .| flu v.ui.iM.* . n H U<MH> 
JV, fun lie found such llmt fur till v.thu ..... f /; ,V iV .,,,.<((.- v .l.u- -,( H 
dcr, | A',, | iifii-r n icnti-i i^ lev, Hum ait *i^ijin-l uil'iit^trv -.uull 
nil points within llu- Klven ranj-i'. 
Kxtimplo, The siiricn, 



iiiiiy p at 



TNFINI.TK SKKIRS TTI 

0.041 A uniformly nrnvrr^nl series is not necessarily absolulcly eonvemeiU 
nor lit an absnhilHy cuiw.-rKenl series necessarily uniformly eonvi^cuL. 

G.042 A suMicimt, ihou f ;h mil necessary, Lesl fnr uniform amvcri'enre is as 
followr.: 

If for nil viilms nf ,v within a certain region ihu moduli of the, terms of the 



lire less lh;m ilu- rorn'spoiHiin,; | m ns of a nmvor^ml. srrics uf positive terms, 

'/' -l/i I' -l/i! MM-. . . . 

whnv -!/ iri iii(lfpnnlriil of ,v, ih.-n UK- W r'wt\ ,S' is uniformly converKcnl in llui 
ji;ivt'U ri'jrinu, 

0.043 A pnwrr sn-irti is unifnrnily r.mvn'Ki'iH nl nil poinis williin ils drclu of 



0.044 A iiitifuritity roiivi'i'iiciil scries, 

*>' - i(.v) I // 
limy he iitli^ntlrd Icnn hy irrin, iintl, 

,/'-V ( /,v 

ti- 

0.040 A uniforml 



miiy lir tlin'i'i'i'iiliiilnl li,'rin hy Irriu, ami if the rwilliiuj st-rii* Ls uniformly 

UIMVl'I'^Cllt, 



0.100 TuylMr'N 

/f.v I- A) - /(.v) I- ^/(.r) 1 * 

0.101 l,iiwriinM(.''M form fur ihu 



0.102 t.'Eiut:liy' form for lite remainder: 

A" 

W m /("HI d- ..L, flM .;L 
rtw J ^.1 'I' UHJ 
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6.103 



A 1 ,, /"""| 
0.104 MHfliiurin'ti Ihcnrnn: 



/(.O^oH'/'fo)'!, 



IK I II 

0.105 f,, i if;i'jinj;i l> ;i Ilirurcni, (livni: 

v '- ! .*, 
Tim expansion nf/fy) in IHWVI-I nf v i.; 



.SVMHIH.K' liri'Kl SI MAHM-; ,tt I'.ii'.fH ,M;ii 

6.1CO Tins inlinilc writ-*: 

/CO" II ,.' i ^.rf.-r * ',.!:.*' * . . , , 

may ho wrliU'ii: 

/ut - , ", 
whore n* in imiTpn-li'il an n|iilv;ttvui i.. , 

6.1G1 Tin: inlinilc ncrit-i, wi-Ium wiilm.n j. tl(tljl ,! 



we H* is inli-rprcinl u-i niiilvalnn f. ( ., v 
0-1C2 Syinlmlii- form nf Tuylm'-, ili t '.t t r h( ; 

/ 1 V I IS J - - P * 'i .. ' 

n j ten 'MII 

/f-V] '|'//i,.V a I ll } j ,.. r <;-,' ! ; 



INFINITK KKKTKS 



TUANSHMMATION OP INl'INITK HKIUKS 

KLTU* which convive slowly may nftim he imnsformwl to more rapidly 



K si-rius by Ihu following methods. 
C.20 Killer's LransfurintLlinii formula: 



. 

wlierc; At/,, <- tit .. ( | M) 



Tim Hmmil scrirs may cnnvci'^ mm-ij rapidly llmu the firflt. 

1'AUHIpll! I. 



, a/? I i 

S'-'O 
'I. I/* "> . ) 

a* ! i 

to 

/! 



Kxumpli 1 , a, 



. 

ft T 



.. 

nri 



0,21 MarkoffV Imiwfnrnwllon formula. (DlfTcrcnscnrcclimmg, p. 180.) 



y 

Stfia:* - i - 
"** \l - 



**Afl, M 

t * &~ 

*< *o 
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6.22 Rummer's transformation. 

Ao, AI, /la, . . . , is a seqwincit of pnsilivi 1 mimliiT:i Mich thill, 
\ i i ""'" 

Am : .'I KI ''tint I > 

*'m 

and 



nppmachcs a (lulinile positive value. Usually (his limit ran lit- laKrn tiu iiuiiy, 
If not, itisonly nuawiu-y lntlividu/I w by this limit: 



Then; 

Kxample i, 

^ r 

\ ni 



. ,, r 

w/ 9 " 

"I M III . 

Applying tho Irunsformiuion In llu- sttrlrs mi th 






Applying tho trnnHformiuion H limes: 

0> 01 

y j. 

Example 2, 



INI'INITK KKIUKH 

Applyiiin llw (ninsfWmaliiin u^ain, willi: 



Applying llic transfnnnaiititi a^ain, with: 

-I '. "'" ' ' \ Wi* \- ,\ 



-'-I'" .i <!/;/-'.. <,' fVl3! ' 



^U> ,0 
,V - ' 



(aw i)- 
, \ M - 



" i - .|r ,iw -I i 



n ' '^^ ( 2W .., r ) (aw^i-.O (aw -I- i) 11 



0,23 Ln'li'i'iV inuililit'uiiun nf Knmnwr's irunsformtition. With the same 
iini.iiiun ,i'i in (l.yy ami, 

l.iniil , 



, . -- 



i, 



0, . f l w I, (0^3, (X 0, X M 

aw + 





'*(+ 
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Applying the irniwformiUmn lo UK- SITUS un [he ii,r|ii, w ilh: 



-n A ~ " \ 

- 0, /!, " - ...... A, , -. 




6.26 Rcvoi'sion uf wjrics. The 



may lie vcvmwl, yIt;l(Hii K : 



. 

where: 

Cl * A|, 



6.30 liinoniial series. 

(r + .i!) M T + SA- .,.(.": 0... , f 

lV ' 



4-*M/'.V., j 



INI'INITK SKKIKS rj y 

0.31 ('oMverj'.i'iu't' of ilir hiituiniut scrius. 

'I'lir scries utnwKrH iilisululi-ty fur | .v <i ;m.l diverts for | x >i. 
When .v i, llu- smrrt nmvnw* for /i>- -i und diverts for w$-i. Ii isubso- 
lulrly rnnvi'i^riil only for >o. 

Whm .v -i il in ulisnluldy roiivor^-iU for >o t und diver^nt for w<o. 



0.32 SptTiid emus nf ihc liitioniinl scrios, 



i jml .v in G.30; if 



i put -v -.- '.' in 6.30. 



0.33 



/;) 



[(/,' - \)in - n] 



\. (\ I A') ' i ,v I x' 1 .v 1 t x i . . 

I. (I I A') ' J -- I J.V I (A'' J ' J,V :| I li.V 1 



. 

> vi 



* .' 



s . ' -. '..-I 

v i | ,v " 



' '"-' > . ''^'5 'i 

- x - , .v 1 -I J x* 



10. (I 



1 T. 



, * 

3 -4 -6 



I I .V - -V 9 1 



i 

2048 



"A- a - A- 
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> 

5 25 125 

14- d + w) - i -I- ~x - * tf + -5-5- l 

6 72 



.s. (i M-i-*+ 

6 72 



6.350 

l> T^~7^*7^tf' } 'i'+^' } 'i'+x*" } '' ' ' !>'<'] 

____ ra _jv_ x?_ ^x*_ . . 

r .i 1 'I T .iH !'*< I .\ ^ | L 

i -" il. T -"- :L |n| "i 



t T . 2 



* - i * -I- t & + i . 
6,351 



4 



may be any real number. 



6.352 If ft is a positive integer: 

I , _ J ___ , . __ i _ , 

a- a(a-\-iy + ^ + i)^ H - 2 ) *' + ..... -- 

6,363 If a and i arc positive integers, and a<bi 

g.-^ + Oy , *(+ i). (+.) ,, 3 . 
' * + * 






(i- ,, 

* u ' u 



JN1MNJTK SKUIKS 



300 
t(JO 



1'OI.YNOMIA!. KKUIKS 
/':i.V !l -I- ... I 

-i ; ...... ' ; ' 

</nA" 1 I ... en 



(in 



i '''"' i ''""'' ; 
c, . -|. .. frj ., o, 



0.301 




o 

(in 



('/ l/'ll "l/'n l) "N 'J " tl 

(/n/'ll 'fl/'ij " I " 3 




'1(1 
"I 



(H 



0.37, 



0.302 



/,y 1 /' y v' 4 I /My 1 I . 
M - "i'*h 



0.303 



tfi, 



</3 I" ' "it 
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6.364 

log 



T ' 2 

C 4 ^"-MV;;,-.. - 

6.366 

y (/i.v'.f (fa/-" H/a 



's -I- a/'g -I- ffjA,. 



6.37. The Multinomial Theorem. 

The general term in the expansion f 
^ ("o -I- "i-v -H .w 9 + rt^.v 1 + , . ) 

where , |. poBitivc or negative, Integral or fractional', is, 

(a) )fcjEU--s). . -fo 

^" 
whore 



ft, tfi, . . . . arc positive integers. 

w is a positive integer, and hence f> n( Wl the M noral ii.i- m I H .1 

w, UK. gcnoiai term in the expansion 



WI'INITK KKK1KS 
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CO /,!M !<<,!. . 

Tin 1 roi'llincnl "f .v' 1 ' (If un iuU'wr) in Un: rxpiinsion of (i) is found by taking 
Uir sum of nil tin 1 trims (j) nr (j) for the dilTmmt annhiimlioiis of p, ('i,ca, 
Ca ,. - - - wiiir.i salisfy 

c, 'I jc a I ,V; I ...... />', 

/ I (i 1-c-j I '\i I .... !1 . 
d. 0.301. 



In Ilii 1 rnllnwinit ncrics lite rorflicii'iilH /* arc, 
mill tin 1 nu'llitii'iils /;, l-iulrr's immlu-rM (0,903). 

O.dOO 



a. CUM ,v 



i'rt iiumlicrH (6.902) 



..an -i 



i , S , 
. HT.V-,, I v'., .v' 



6.41 



7T 
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2. tan" 1 .v = .v - - x 3 + - .-v" - - x 7 + . , , . (Gregory's Scries) 

o j * 



* -1 

3, tan" 1 s = --:, 
2 



r 2ti-|-l 

- 

aw + i 



4- 



2 * 2-3 x. 3 2-4.5 ^ 2-4-6-7 ;v 



T 

~ - csc~ l x = -. 

2 



2 '^/2 2 "(|) 2 ( 2 4- I j ;V 
n=o 



.. v 2n I 



6.42 

i. (sin" 1 :v) a = x 2 



+i, , 

3 2 3.5 3 3 . s . 7 4 + 






3- (tan-* *)P = 



5 . _ $3 



_ . 






k<l" 



(Schwatt, Phil, Mag. 31, p. 4go , i 9I 6). 



s- 



sm~ l 



1WINITK KKU1BH 
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0,43 

i, liitf.'iin .v " lotfA 1 



I0 . 



"";:') " a 
H(a)l 



A- | 't.in'.v I ' ' sin" .r 

** "' 



.v a <- 



0,'U 

I. 



Z, 
(,., 

H" I 

|1K ('I A')! 1 * ^'* 



7.300. 



-" fl 



' X * ' 
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4- Ic 
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. ;,, . T, I'll I I \\ 1 



8. 



11 .-'i 

-f-K', 

I (X l\" 



I ' * 

S \ '' 

i /,.- I \'" H 
ni I i 



,v' t > 



n. 



. 



l 1 ^! 



13. 



INI'INITK SKUIKK 
I ., I 



11 



it ' /r|- iV a! 
( . 



0,446 (Sri- 0.70B.1 



I T 



VA' 



(l I A') -- ' '* tllU ',V 
V A* 



1 X 



s . 0-7 
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(See 1.876). 



1. 

f <: < 1 
L '^M' 



0.465 

r. -|o K (( -MHnKfi - .v) * -v' I (' J 1 "J : , 



3. - inn" 1 .v-iog {i I- A 

3 

6.466 

f 
i. COB { h log (.t 4- Vi 






H- 



IM'INI'l'K SKK1KS 



V\ ; v' J " 

' ' ' Z-/UH) 



T27 



r - - i 

L J' 



4. 



,|, > l (..,0" i V-" 

l I / j \ ' J i >^ 

1 



i '",!'! '" ' 

S' Wlt ' h ' V - l , V ' .M' 1 7,K> ( 



0.d7B 



a. Hinli.vMn.v- 
0,d70 






i j / i , / in /ii 

4, nlnh {.vnw Oj-cifi f.vsin 0) 

5, ctwh (.v'(ts 0)-^m (.vnin 0) 



(3M 



(aw)! 

^ ' "[)" " 'V"" 



r- 



,' l ' J ' '! ' vl ,:V.;- vn ' * 

I) ^(li) t ^l ,!i) 



.71* 



.'<! 



"^"A .v" w sui 
6. sinh (xciw 0)-in (.vsiu 0) X/'"""/^ 
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6.480 



i-i i , 

2. Sill!) 'fl!" 1()L' 3,V- 
n 



11 I II 

3- COSll l X WK 3X ; 



<|. lunlr l .v-;v.|-',v a l-Vv 1 i '.v'' i ...... V l ' 

,i 5 '/ *-* J 

H'-MI 

5, sinlr'-^^. 1 .. 1 .,!-"-' T - 



6. 

v A.' a 



,V &J J*"(1)' J J 

n-., 



a a 



8, Liuilr'^/^i..^^,,.,.^,, 



. a ,] 



Jilt I- 1 



-v'J-, 



1NFINITK KKHIK8 

0.490 



I 

HM() 



' i 

a rinm -v 

ft "Ml 



0.491 



Hy nn'iuivi nf Him fuiniuia a slowly cunvi-rgii^ Nories may he 
into n rii|>i<lb' 

0.405 



3. col ** 



8.v 



t 3V 

4. csc .v - _ v l< -, ;. 





By rcplncinK * y ''-v the arrcpoiling scries for the Iwpcrbolic functions 
nwy be wrilicn. 



IN.KINITK KKK1K3 I 3 I 



may IHJ imnsfoniiwl inlo the inliniU; product 
(i-l-wi) (i-M-a) (i-l-i'a) 



where 

Vn '-' V 



0,000 The (l 

" 



3 may hve any ITU! or complex" viilui', uxa-pl o, -i, a, 
6.001 

0.002 



' inlil 



7 
' I a ;i 



" ( ,- ' /' ' 

M 0.5773157- 



V , , nlv , 
fS'l i) -> si (a), 



0.004 For c real unil posiiive x; 

'V(v) I "e- ( p" 1 *//, 
/a 

/ m f T I 

1 7T""*7 "" / 
I c * * 



0.006 If , pOHitwc 

roo - c 
r 



/ t\ i- V^ 

( -!- -j - 1 ' *^ 
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6.606 The Bclu Fimclion. .H x ami ,v aiv real and 



(r 





Hilt TIM' 



6.610 .For x real anil positive: 

' vv -A** \V \ It /111/ 

6.6U "-' 

iW* + 0* J-MAM, 



i I ; - 7, 
x 4- *. -f '- -y, 

' 



.613 



INfflNITB SERIES 

6.620 



II r.Ji O 

T 



6.621 



"w + ^ " *> - an 

6.622 

/3(i) - log 2, 



6.030 flausn's It Function: 
A 



a. 



4, n ()r( + x). 

5. II (--C) II ( - l) 7T C9C 7TS, 

/T\ Y . rr -^ 

6. II. (- 1 -VTT. 

\a/ 2 

6,631 If a is an Integer, w, 



II (it) n\ 

DEFINITE INTEGRALS BXVHESSKD A9 INFINITE SRK. 



6.700 
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Darling (Quarterly Jnurnu], 40, p. .<., n, JO ) 1ms nhiaiiir.1 an 

to this integral: 

Vir 3 . ( ) ' * 

^ -vi ttm flVir (H-.vv^r j 

'^ Frcsncl's Inlcflruls: J 



6.701 



6,702 



sin C-^Xv . V r , 
' 



6.704 i-~ r 1 

(A -i) I J r 



(Special CUBCH, 0.445 mid 0,022), 

6.706 /%-/-!,// . V ( . I)M *-.' 

fl - ffl(wt 

6.706 If the sum of the scries, 

/M 

is known, then 




/"' 

I ta^lf. j\ti//. ..iv n 
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6,707 



t31f 

siu ' M;i(/ ' v " o J (7r " 

' "' 



placing k by ;;, and 



27T 



i 2, Will) /(;v) ^ fi-^(:o/i;w ami 



x 



cosh aXTr - cos 



X 

3> . 

if i 

M V f " - 

4- X'^u 5 '" 2j 1 X 9 I ( -W Vl-'l" -I' i3 8 I awil 2X7r " cos 
H ' ' i I, ' 

0.700 If llic wuiii nf the suries, 

in known, I ben 

( i fl -I- <io> -I- a y(y -I- -I- a*y(y -\- 1) (.v -I- 2) -I- ..... -! 

6,710 This romplcli! ulliptie inU'Kral "f lilt; IirsUcind: 

/'< ( /.v /'^', .......... f / fl 

/C " 7 o V(i - -V") (i - i'^y " 7o Vi - A 9 Bin' 



,, ir(t + ft') 





H- A') 



a . 4 . 6 
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6.711 The complete elliptic itilt^ral nf Ihr sccoml kind: 



/ 



,, 7T , 

/', ia -- I - 



If 



TTft 



6.800 If/(:v) IH uniformly 



cos 



2(r-M', 

- ( t -i- p '-- 4. yf. r * * ( -"' ]*** 

3\l }' ft ) I jj XMM(\J ',| p (l . , . ( J/| | j}/ ' 



6.801 If /(*) is uniformly 



- io + 6, cos + 

* i C 



u. 



Hf 7T V 



in iho iuh*rvnl; 



,,, , sin ., , 



INl'INITK HKKIES 

6.802 Special Developments in Fourier's Series. 

/(.v) * ti from ,v kc ID x ~ (k -|- ~)c, 

/(,v) " ~ from x (A -I- -)(.' to ;v (A -h i)c, 

where ft is any ml.ctfer, including o. 

in 

!- I)TT 



sm 

II M I 



6.803 /(.) w.v, -| ^ +j 



4 

/ -, W * * 5C 

it U - C). ; < A' ^ - 

x /; 4 



-(;("-'' 



I(x} m ^ 



6.804, /(.v) - m.v, - < x < -\-~ 

c' '\c< 

((.- 6'), -I- ; < x < --, 

4 



c 

6.800 /(-v) - ff, - 5^ < -v ^ ~ 3'', 

J- (.v -i- aft), - 3M ;v $ - ft, 
m a, - ft ^ .-v ^ + ft, 

w ^(*- aft), ft < .1- ^ 3''j 

- fl, 36 ^ * < S6- 



7T a I 4^ 3 J 4ft 5' '(ft T 

4- 
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6.807 



7 -; v 

(a// -I- i) 



6,810 x - -2 



sn nx 



6.811 cos ax sin air ( 

TT I 3 (I 



t\ 

6,812 sin ax sin 



6.813 - - 



sin //.v 
n 



., ;/ KIM 



6.814 
6,816 
6.816 
6,817 
6,818 



2(1 -- cos ,v) 



aw /i.v 



7T 7T.V . X 



TT.V X s X^ COH 1IX 

~ .1, -., E, 7 ., .,, 

2*4 ^W 



7T-V 7T^ 2 VA Hill W.T! 

6" ~ 4 " h 12 " Zj "U" 



12 12 



^ _ 2^i! H! jsL 

90 36 48 ~ 2 ,|0 



ui 

*) X^'wjs a: 

48 " Z,/ T" 
HE- i 

m 

Sshi * 
,7" 



T- TT^v^Vrl 



?r<.v<7r 



0<.V<37T 



< .V < J 



,V < 27T 



To <,r < 37rl 



INFINITE SKlilKS 





0.820 



6.1 



C.822 



-6.823 



> ........ v 

(HIT)- 



7T;V 

- 
c 



cos WJ: 



- Ain s.v -I- sin a .vtog (.|sin a .v) -n. 



6,824 sin a.v - (TT -- a.v)Hin tt .v - sin .v cos ,v UIR (/IKIII'' .v) 

i . !! .(:"'. T 

i , \ 
n (n -I- i) 



[o s ,\- 



7r 

" 



6.830 



'' HmlT 



t - 21' CDS A' I'/'" 

6.831 luir ' ' 



>'" sin nx 



r cos .v 



6.832 

6.833 



m 

6.834 'OR -7^.,,.! ^= - 2) 
v r - ai 1 cos iV + r ** w 



r i 

r'<i 

I, .1 

r n 

r <r ' 
L .1 
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""' ' 



7T' 



TT" 



' --" 205.1215 " if Vu ' 1.00040 

6.901 ^ 

, r T i 

- ' - ;.;,; > J5 - y -i- 



7T 



6,835 ~ tan-' ? y~* - ^ t" 1 )" l J, l i:os ( a " '" 0-v | r u <i 

<i i 



NUMKUI(!AL HKJtIMH 
6.900 

.<?., = JE- -L -I ,L J . .LJ..L 

H ' o rt ' n H ', i ri ' * ' * * 



A table of from i u> 38 to 18 discimul pliu-eM is jjivcn hy 
Messenger of Mathematics, 42, p. 49, 1913. 

6,902 Bernoulli's Numbers. 

:> ? iff " I ?r a " ;j J-j. .L.L-L I.JL "V - 



a(aw)I 



ik 3 "^ . T T T 



8- '' ' 



43 



6.903 Killer's Numbers 



6,910 



6.911 
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S .V>i7 

.--, #, ,, ._, 



3730 
7 



./-;,i 1,^5, 



/; ;) ., fu, A'n '= 2702765. 

G.004 

a.(aw ,, , aw(2 - i) (aw 2) (aw ;0 ., 

A -"" 'a! ......... /V ' 1 ' 1 ............... 41" ' ........... / 


6.005 



(aw - ;0 (aw 'l)j2'/--- 5) .; 

-... ..... - -- -.- - - j n 



.Sa ac, As o;i 2031?, 

As 5*1 A'v 

A'* i'Sr, AH 



ITT 2 

64'"""' 



- c 

As -r-- 04 
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6.912 

CO 

i. io s a=t 2^' 



TJ.K 
2. 



6,913 

ro 

i. log a - i 2 ^"^5' 



3- -3 'I- log 3 'I 
6.914 



3 0,1)1 51)(156, . . . (HI!!! 0.901) 



c -, T 5, 

O,..a -" _ 

3 <)T 



10 i 




ummation. 



When r is a negative even Integer the viilue n in Ui his'oxcludud In the 
m 
.015 



3-4-6. . , , 
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7T 



* A 1t p 4 m* 

H-l 

0.917 

^y 

Hi 



6.918 



6.919 ^ 

A 

6.920 



t\n 



il1 fnim lhc mmlltion: 



I 4 4 MATHEMATICAL FORMULA AND KT.LU'TIC JUNCTIONS 



i! 
I' 



2 I 



A ~~ 
* " 



10 3' 3'* 3" 

16 



3 ' 17 4" ' 4' 4' 

as _ i. i I I 



8.922 c-ir .(. 

2 'TT' 

6.923 (Special cases of 0.70C) : 



H ----- : ...... f- -.. 

2-3 3'4'S S'f'- 



i 1,1 

2i . -- - ..._ , .... 

1-2-3 3'4'S 5'<>'7 



_ I+ 1.,. I. .,-...., .,.!,. 

5. cos i - i - ~ -I- -^ - .... 0.5-1030. 

6. sin i = i - Vl" *'f ~ * - O.K4H7. 

3' 5' 

6.921 

T 4 _ ?.. . L 1 ... 

If 5 x a a ' 2' 1 a" ' ---- 

TI i 

' 



T/ 7T , 

- ^ - 'B 3- 



i i i TT i 

< 2-3-4 + 6.7-8 + to- 



VII. 



l- AIMMJGATIONS OF 
ANALYSIS. 



7.10 



7.101 S. If $, n.inm* ""' imlBU-rmlnulc value 2 tor * - , iho true value 
, ,1,0 ,..tl.-..l "> 1>" '"'> '> r.-|.tal.*/W ""'I W "X ' 'l-cl 



iii tu't'k'H, it vuliil for .v . 
Kxamplo: 



t CtlH.V. 



,M(( 



7,102 l/IUmpllnl'K Rul,. lf/( I *) 

f/ \ 

Theorem (0,100) Uu-u UK' trim value of ^ fw -v i, 



7.103 TlH, true vnluo .rf 



* - ' l " limit ' tot " ' f 



.hoto/'" 00 and /' "" () the tat of UK higher derivatives ol /(.) and F(? 
thai do not vani*!, for , - .. Th. irue va.ue of ^-lo, . -a I, o if ,, - 
t><q, and equal to -THiTjJ) if ^ *" ' /- 
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Example; 



sinli :v - ivroslu 1 " 




.v sinli .1- 


sin x ;vnw,i: 


a" -II 


.I'sin .v 


[' sinli ;v" 




rush .v 




1. sin -v 


.cm 


(HIS ,V 


j' ii 



7.104 l-ailurc of I/Hospital's Rule. In n<rlain raws ihis rule fails I,, . 
the (rue valut! of nn oxprussinn for llu- ITIIWHI llml all ll,r hi K | UT .I 
vftnish at the limit. In such cas^s llic (rur value may nflm l.r found hy 
Uioftiven e.\])rc!ssion, or raolvniK into parlial fnictimw (1.01). 

Kxamplo: 

/ ,, ...... ([ 

""" 



fuclorini 



7.106 In applying I/IInspilal'H Rule, if anyuf Ihosunvssivr .,.mlirnH ronlains 
a laclor which can lie evaluated al, ona- its dclm 
Example; 



tan" ,: 



vwil 



Hence Uic given function is, 



.v 
tan ,v 



7,100 If Uu, f^iven funclum can 1m srpa.'alr.l inh. fm-m.-s Oftr |, u f whidl |, 
indeterminate, [he factors may l,o ovahml.,1 srparaUily. 



Example: 



Ian ,T\' J i" v i 
.r 7 V 



**!) 



r. 



written: 



HUH qunii.nl may he 



oo 



which takes the form S for x M a nm , lhc 



j^ w||J 



ll L'Hospital's Rule (7,102) may | applie.l directly to indeterminate foniu 
> if the expansion by Taylor's Theorem is valid. 
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Example: 



7.112 If ftv) and :v approach "' toother, ami if f(x -I- i) -/(*) approaches a 
lulmite limit, then, , . . . ., v . ^.^ 



7.120 

may liu 



o X " If, for ai - ' (i, /(.v) X /''(*)- luk th form o X > , this product 



which tiiktis Iho form ^ (7.101). 



7.130 



Limit /'(-v) . s |Uffmml f| , um uni ,y lhu tnii! value of /(.-) - F(.v) for .r - a is > - 

;V >> /(-V> 

,.. Limit /-'(A-) . u ux(msw ion has the indclurmiimLis form X o which 

' iv >'" /(-v) " 

may lie Iroated by 7.120. 



o" 
'' 



7.140 

its true viilius may 

given expression. 

Kxumplct 



M/' t CvO} ( ^H H inMcteniinalcnanyic. 
foil l.y rmdhw true value of the l^nlhm of 



/iY" B * M y; log y - -tan -vlog *, 
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" " 




t 




- 


tan x log ;v 


a 


fe 




.V 




sill .v . 

Sill .V 


J 


J;L..,(| 


_U)l ;l_ 


.tll 


.t'SH" .V_ 


J.'tl(l 


., .V 


Hence, 


r/] \iuii ,v' 




Lw 


/"(I " !> 



0. 



7.141 If /() and approach lu Ml Hl,er f n.ul /( ')'. | u 
limit, then, 



h.-s a 



Limit 

;V-)C.. 



7.160 Diffcrcnliul CoefficiciUs nf iho form " Jn ,lHmnii,i K || (I - ,li!T,rcntial 



coefficient g from an u(|uulio/(.v, v) o, l,y i m . im i, ,,f ,| lt . f orim ,[ rt| 

( V 
f/.V itx 



(0 



it may happon lhat for a pair of values, * ,, tl , y ,, /,, sllli s/yin K /(.v, ,) . 
[r| takes Hie form - 

cfiV o 

Wrlllng g . y', ami applying 7. 10 2 . , hl! ,,,!,., (,). Ill ,M,lr,,.l,- n|Hll ii, II1 



T f ,,,mi lI 1 |,.viu N 
It y is ,11 ,m ctormimilo, apply 7.102 ,!, ^ivi,^ ,,,l,i, ,,,, i,,,, 

m,ng y'. Th PC.KCW. may ho , lnM1 | , liui | , '' 

Example: 

/6v, y) - (.v> -I ^)a ,.. ,.fl VjV 0) 



For ^ - o, y ~ , / takes the value 2. 
Applying 7,102, 



in " 
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7.17 Special Jmlc-tmiiinati! Forms and Limiting Values. In the following the 
notation [/(.v)],, munis the limit approached by /(a) as x approaches a as a limit. 



7,171 



8=1 e" (f a constant). 



., [Viv "'I-'*': ~ Vfl] m O. 



6. 

7. 



SI (X) , 



ro. 

;v 

ir, 
n. 

! ( iii^ 

v 
14. I (<H- fit*)* 

15. 

16. 



i. 



(.v a 



i. 



integer). 



17- 
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.172 



COS -I !. 

V _ l 



S- 



6. 



7,173 



sin .v\ M 



7,174 



[ ~J_"| 
$lnH<f->i) 
Jo 



5- Dogcosw.coL.r],,o. 
f lie \ 

<> log tan (~ H. iH) . cot .,l 
L V4 2 / "Jo 



AND KUII'TIC 



.S. 



[./.-) 



* .1 


1 , 1 I 
' ' 1 1 'I 1 

1 


Ll 111 X 




x 


s. 



fltll 



J - Lvr*!, 



ioir uin x 
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7.170 



I. X 



li '- 

2. [(TT - a.v)liin ,vj/r 2, 



7T.V 



7T.V | 2 

7T 



7T 



, , 

5. cos"' 1 -'tun = 

<' 



7- 
8. 



2 
7T 
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7.18 Umilhitf Viihuw of Sums. 



Limit 



^:,';^i :i ,_,.,,J:^ !r | ;7ifA> _, 

<nif /< - i. 

, ?._ .|.._.L_ , , .._*. __ 

;m -I- b mi -\- 2l> ' ' ' ' "'" -na -\- (n -- i)// 

1 

Limit / n t 11 // - a'- 1 // - ,; 

IJmil, 17 . v 

if c is a positive proper fraction. 

A !i J /, /! 

if />o and // is a positive proper fraction. 

ijmi 'r. / ,;:! ,,, v /,, .,,; z ., ^ + z .,..,. .,. ^ 



r , i 
2 + 3 



if /;>o and a is a positive proper fraction. 

1 1 

w j 



i - 



(6.602). 
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7.19 Limiting Values of Product. 



Limit 



if "j l>) v art; nil posiiivo. 



7,20 Maxima and Minima. 

7.201 JAincliiHiK of One Vnri-ilil,. t/ \ 

i 'c vauaiile. y M /(. r ) ls 1V ni axinmiu or ininiiumn for 

values erf satisfying the equation, /'(,} - 'W () f ' 

provided that/' C ,)i.s continuous for i\w* w \ nv *\ t[ Xt 

7.202 If, f or , v m fl( y/^ ^ Qj 

)"-/(iO is a maximum If /'()<<> 
Example; ' y " /(fl) iH (l minimi " " /"()>o. 



/ fiv) o whon .i! 

/''(*). ^!^fi* 
(** + * 

For ,u m 4-v^' /"r-t-i ~ 3 

~ v ^i J 1,-VJ ~ 
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For x ~V(i t f"(x) M : 1 / _ T .L Minimum, 
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7,203 If for .*: > , /'() o and /"(d) >. o, in order to determine whether 
v * ' /((/) i* u maximum or minimum it is necessary to form the higher differential 
coefficients, imlil out; nf even order is found which does not vanitth for * a. 
y "/((/) in ii iniixiiinnn nr minimum iiaxmlin^ ;IH the first of the differential 

ctmllirienls, /"(<)), ,/ K '(")i /^''('Oi of even order which docs not vanish 

is ne^Uivo or positive. 



7.210 Functions of Two Variables. l'"(.\', ;v) IK a maximum or minimum for the 
pair of values of x and y that satisfy the equations, 



and for which 



o, ~ ".> o, 

<*y 



(\ . ,,~ .^"o 
I. f t I H it f\ it ***** 



If hnlli ' .-, and ., ,. are nct-alivv fnr this pair of values of x and v, /*'(*', y} is 
(),v j t) y 

a maximum. If Ihry rr both positive /-'(.v, .v) is a minimum. 



7,220 KunciimiH of // Variahh-.s. For Iho nuiximuin or minimum of a function 
of varialilt'H, /-'{.v,, .v a , ,v n ), it is necessary Unit tlie first derivatives, 

Tr~, T-", . .... /' -all vanish; and that the lowest order of the higher dcriv- 
rJ.Vi fl.va i).r,, 

iUives which do not all vanish be mi even number. If this number be 2 the 
necessary condition for u minimum is that all of the determinants, 



Ih 



where 



/i i /" /i* 

/si /w ...... /a* 



/H /W 



h 



A* 
flV 
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shall lie positive. l''or a maximum UK: determinants must Iw alternately negative 
and positive, hcfiiiiniiiK with D { <-. -, - negative. 



7.230 Maxima ami Minima with Conditions, .If /-'(.v,, :v : ........ t ;V(( ) J H t<, 

be made a maximum or minimum HiilijVa to tin- conditions, 



I. 



where A<, the necessary conditions arc, 

h 

where the X'.s are A undetermined multipliers. Tin; it equalions (j) lusher willi 
the k equations of condition (i) furnish A -|. H oqualions In delermine llir ft I it 
quantities, x\ t ;v a , , ,v,,, Xi, X g , X*. 

Example: 

To find the axes of Ihe ellipsoid, referred to its renler us origin, 

Denoting Ihe radius vector to tin: surface by r, and its din-cl ion-rosincs by 
/, /, , so that .v lr t y - mr t z - nr, it, is nerrssary to lind du: maxima und 
minima of 



subject to the condition 

This is the same as iindintf the minima and maxima of 

Equation (2) gives: 

(ffiL-hA)J.h 



flinJ -I- flww H- (rtiB + X) o. 
Multiplying these 3 equations by l t m, n rospectivuly and tulding, 



A ** "Tj 

r* 
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licnby (i. 1.303) Ihr ,\ vuhu'c. uf riirr^ivcn liy tlu; 3 roots of 



-- o, 
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7.30 



T,31 Kiirtl DrriviitivcH. 



" ./A' 

r/r* 



,, i/lujj.v i 
0, , 

(/.V ;V 



10. 



sn .v 



. 

n. i -"'- * -wn.v. 
i/.c 

I fill .1! 



12. 



tls 
f/ COl JJ 



-Cf(C a .V. 



! h :^i . .-csc 3 .vcoft.r. 
I/A: 



ifi. 



iH. 



(/Uuv'.v (/col-'.v r 

- nn - --- 



-v rfcHC*"'.T 



rf. '/* 

sinh ;v 



20. - vr 



cwh - r -sinh.r. 



22, 



rfcoth x 

_ .... 

I ill- 

(I KCt'll ,1! 
___ 



_ CS( .|,3 iVi 



K ANJ> K 



/i i 

. l/MTll 'r 

* 



T &y&* - y) 
' "" ST"""""' 



7.36 Higher Dcrlvatl 



vcs. 



r/H 



7.33 Derivative of a Definite 



| f /-n 
/ /(*)&' 



:iJ<x,ti) t lx. 



7,351 
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il/.'H Tlu'omn. If it and 11 ims functions of ;v, 

" I/Ml/" 'l ll(ll l)/ 2 M I/"' *V 



7.362 Symbolically, 

where 
7,363 



(/"() 
</.v" ' 



7,36-1 If 0( i ;) i ;i i polynomial in J ,, 



7.3GG KuIi'i'V Tln-iimn. If n is a IwmoKencous function of ihu ll degree of 



.vi ,. -I -v 3 - I- . . . --l-.wrj ", 

(),V| (Ufl 



where / nitty Iw any integer, inohidiiiK o. 



7.30 Di'i'iviilivon nf l-'unclinnrt of Functions. 
7,301 If /(.v) ~/''(.v), and y - (/)(.v), 



wllLM'0 

fl" fc * " 
a. </* - ^ )( / - Vj y ^ 

7.362 



4- (n - r) C - 2) ( - 3) - 



2! 



+ (-!)() 2 , ^ 
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7.363 



. .. 
' 




3- ;Ci-M,v' ! )" 



7.364 



2 - JfiS (i -I- flv/*) 1 -" 1 . ^i:A,:..,-,.- .(aw :: i) 
7.366 

11 ^ ''^^ ^ 1 -i C ' / '"M H-^ 8 '/'" l (fi*} -I- -^^/.""(,.r) .,. . 

where 



2. 

rf" 



mn ' 
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7.300 








('. 

J 

(A 



i Ci. ' o, 



I l 



7,367 



(V- r (V - i, 

(A -< ,* <-'i r; ( > 
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7.368 



-I- cLiK/; - i)(/; - a) (log *)i'- - . . . J, 

where is a positive integer. If H</ there arc 11 terms in the scries. If 
p, 

2< I " = ' ( " ) ""' < "~ l - - a-) '-' 



2) .... a .i| 



i < ;v < -h i. 



7.37 Derivatives of Powers of Functions, If y 0( ; v). 

- P] T M _^^ VP -I <&. , 
u I \ (i) p - i y ,/. v 




COS 



SPECIAL APPLICATION OP ANALYSTS 



l6 , 






7.39 Dorivnlivcs of Implicit .Functions. 
7.301 .If y i s a functicm ((f , Vj 



7.392 Jf a is a f, mction of x ttn( , ^ 

r V 'V 

: ^, '? fls ( fly 

' to" '"'{if' 'fly ~'"0' 



<V / 



VIII. DIFFERENTIAL EQUATIONS. 

8.000 Ordinary differential equations of the first order. General form: 



8,001 Variables arc separable, /(;v, y} is of, or can lie reduced lo, the form 

/(:V, }') -> ~ y 

where A' is a Function of ; v alone and V is a function of y alone. 
The solution is: 



8.002 Linear equations of the form: 

^ -I- /'(% ()(*). 

Solution: 



8.003 Kquations of ihc form: 

Solution: 



J c-di- '* ,,. ( r) 



8.010 Homogeneous equal ions of tin; form: 

'tlx ~ "()(*', rj 1 

wiiwa: ./.'(iv, y) and ()(,v, ^) are homogeneous funclioiw of ;v and 31 of the name 
degree. The change of variable: 

' Af r.~* PfV 

gives the solution: 

i /t 

I -A_ i i, w ,. /" 

/ PTTTT"" '"' l K * " t- 

^/ '* \ * i V/ 

~ - ..J, y 

Oil. ) 



EQUATIONS 

8.011 Equations of the form: 

tly __ a'x + b'y -|- <;' 
dx ax -\- by -|- c 

If ab f - n'h = o, the substitution 

x a' -h />, y - y f H- 1/, 
where 



renders the equation homogeneous, and it may be solved by 8.010. 

If // - a 1 b - o and b' 4= o, the change of variables to either x and a or y 
and a by means of 

s fl.v -h by, 

will make the variables separable (8.001). 



8.020 Kxact differential equations. The equation, 

^(. 
is exact ii, 



IM ii y 

The solution is: 

// V /' 1 

| P(.V, y) ~ ^J ()( X) y) ( ly j tly - (,'. 



8.030 InlcKmtiiiK^airtors. t>C.v, ; v) is an intCKmtiiiK factor of 

^'(.v,y) '/A--f('(.r,3') (/y-o, 

^W- A (,;>). 

8.031 1C one only, of the functions Px + (>v and Px - ()y i s equal to o, the 
reciprocal of the other is an integrating factor of the diiTerential equation. 

8.032 Homogeneous equations. If neither Px -|- Qy nor P x - ()y \ K equal to c 

p x .{. Q y is an integrating factor of the equation if it is homogeneous. 
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8.033 An equation of the form, 

has an integrating factor: 

1 i 

8.034 If 

OP __ OQ 

jiy jto =, //f r ) 

(? 

is a function of x only, an integrating factor is 

8.035 If 

av ~ fly" Jf( . 

p 

is a function of y only, an integrating factor in 

8.036 If 

is a function of the product sy only, tin integrating factor is 

c ' 

8.037 If 



is a function of the quotient -; only, an integrating factor in 

;V 



8.040 Ordinary differential equations of the first order and of degree higher 
than the first, 

Write: 

<h , 
f- p, 

dx ' 
General form of equation: 
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8.041 The equation can be solved as an algebraic equation in /;. It can be 
written 

(p-Ri)(p-R$ (P-R n ) -o. 

The differential equations: 

P - -fei(, y), 



may be solved by the previous methods. Write the solutions: 
Ji(x,y,c) oj f*(x t y,c) o; ....... 

wlierc c IH the .same arbitrary constant in each. The solution of the given 
differential equation is; 

/iCi y, c)/a(;v, y,c) .......... f(x, y, c) o. 

8.042 The equation can be solved for y: 

i. y /Gv, />). 

.Differentiate with ruHpecl to x; 

*- 



It may be possible to integrate (2) regarded as an equation in the two variables 

x, p, Riving a solution 

3. 0C-v, , c) = o. 

II /> is eliminated between (i) and (3) the result will be the solution ol the given 
equation. , 

8.043 The equation can be solved for a 1 .: 

1. a /(?> />) 
Differentiate with respect to y: 

' if i < 1 P\ 

2 - * \l/[y I). -''-" ] 

2. p Y\JHt dy j 

If a solution of (2) can be found: 

3. <l> (y, P, <<') - o. 

Eliminate p between (i) and (3) and the result will be the solution of the giv 
equation-, 

8.044 The equation docs not contain x: 
It may be solved for /, giving, 

which can be integrated. 
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8.045 The equation docs not contain -y: 



It may be solved for j>, tfivhif!, 

f/v ,, f , 

,i x " l>M ' 

which can be mteffnil,ed. 

11. may be solved for .r, Kivintf, 



which may IK: solved by 8.013. 



8.0BO K(|imlions homogeneous in ,v and y, 
General form: 



(a) Solve for / and prom'd as in 8.001 

(])) Solve for ' ; 
, .v 

y 

Diflerciiliiik! with ivspucl lo \: . 

tl.v 



which may he iiiLtwiiUxl. 



8,060 ChiimuL'H dllTureiitiiil 

i. _ t 

the solution is; 

v - fx | /(r). 

The singular solulioti IK ohlained hy ctiiniitiLliiiK /' hriwct-n (i) and 
2. -v I'/f/p)- o. 

8.001 The equation 



The solution is thai of the lincur t-(|unlion of ihc tirKl order: 



which may be solved by 8.002. KliminnilnK /' Iwtwcon (i) itnd ihu solution of 
(2) civca the solution of the aiven udualion. 
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8.062 The equation: 



may be reduced to 8.061 by dividing by 



mi-THHKNTrAL EQUATIONS Off AN ORDER HIGHER THAN THF. 1'IRST 

8.100 Linear equations with constant coefficients. General form: 

d"'V d"" l y , d"~~v , , T7 , v 

_ ? + fll ._^ + (I ,_ 5+ .... + ( , d ,.K(). 

The complcLc solution consists of the sum of 

(a) The complementary function, obtained by solving the equation with 
V(x) o, and containing n arbitrary constants, ami 

(b) The particular integral, with no arbitrary constants. 

8.101 The complementary function. Assume y <=> <; Xj: , The equation for 
determining X is: 

X" -) tfiX 11 " 1 -1- flaX"-* -1- ..... -I- o. 

8.102 If the roots of 8.101 are all real and distinct the complementary function 

is: 

y nfl XlJC -|- f a x JI -I- .... -h tffl x *. 

8.103 For a pair of complex roots: 

IJ. :\- iv t 
the corresponding terms in the complementary function are: 

(;' l ' r (.'l COH vx -I- ft cos IAV) 6'd' 11 cos (RV - 0) = C't'"" 1 sin (w ~|- 0), 
where 

C- V^.]-7^ lan0~-'~- 

8.104 iff lliure are ; e(|a1 real roots the terms in the complementary function 
corresponding to them are: 



where X is the repeated root, and A\ t A^ - . .. ., X r arc Ihc r arbitrary consiums, 

,8.106 If there are in equal pairs of complex roots the terms in the complementary 
function corresponding to them are: 

(A i -1- A& -h A&* -I- .... !- A m x' n " { ) cos vx 

-\- <Bi -I- .B& -\- tttx* + . . . . -I- /i,,^"'- 1 ) sin vx\ 

^Ci cos (KV 00 -1- C a .v cos (vx - 0) + ..... -h C,,,^" 1 - 1 cos (w: - M )1 
i sin (KV H- 0,) -I- C\x sin (w + a ) H- ..... -h C m x m " 1 sin (vx -I- 0)1 
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where A rfc ifj, is the repeated root and 

c h " 

A 

tun ifo 



The particular integral. 

8.110 The operator D stands [or -.--, D- for -,. ,,, . 

1 Ox t)x* 

The differential equation 8.100 may bo wrillrn; 

(D n -I- fli /J"" 1 -|- 'a%D n "" -|- -I- "11)3' ( 

K(,v) 

y-jjy 

where Xi.Xa, , X H itreduLtirinine(liis in 8,101. 'riu'imrticulai 1 integral is: 

r r 

y-c'-J<!t'-')-rf*Jtf('" ')*</.v 

8.111 srnr may be resolved into jiartial fmt'lions: 



The particular integral is: 
y ^ifl x Ce-*"*V(x)(ix -I- Ntfi*** l\ ^*!'(.v)i/.v 



/' 

V\* j 



TIH! PARTICULAR INTHGRAI. IN Sl'WIAI. CAHKH 

8.1S20 V(*) const. c, 



8.121 F(:v) is a rational integral function of s of the with degree, Expand 
in ascending powers of D, ending with /)"', Apply ihc operators D, D\ 



..... . D>a to each term of F(;v) separately and the particular integral will be 

the sum of the results of these operations, 
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8.122 V(X) ~CC, k *, 



unless k is a root of /(/)) ~ o. If A is a muUiplo root of order ? of/(O) = o 



where 



8.123 FGv) =><:c(M(kv + a). 

If /A is not a root of /(/)) o the particular integral IK the real part of 



If ik is a multiple root of order r of /(/)) <= o the particular integral is the real 
part of 



whore / tr) ('/A) in obtained by taking the rth derivative of /(7^) with respect to /), 
and ul)sLiluliK *A for /->, 



8.124 F(;v) c sin (Aw -h a). 

If /& IK not a root of f(D) = o Llie particular integral is the real part of 

~ ic c^ kx ' a) 

"75*5 ......... 

If // is a multiple root of order r of/(/J) - o the particular integral is the real 
part of 



,-f,i(h f\-ot) 



8.125 

where A' is any function of .v. 



lilt *' 1^ 

- A| 



If A' is a rational integral function of x this may be evaluated by the method 
of 8.121, 



8.126 

where A' is any function of ;v. The particular integral is the real part oC 

C M x-\-a) - 1 - y . 

t-i- // ri i *i \ **' 

+ tit) 



8.127 KCv) cpin(fc.v 

The parlicvdar integral la the real part of 



_ ^. 
f(D + ^) 
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8.128 KV) ;:: "'''''cos (kx -\- ve). 

If 09 + ik) is not a root of /(/->) -- o llic parlinilar inland is I ho real parl of 

(V i(A,rHO ' ' 



If (/3 -|- ik) is a multiple root of order r of /(/J) . o llir parlicnlar intr^ral is 

the real part of 

' 



where /W (|3 -I- ik) is formwl as in 8.123. 

8.129 K - rt^win (kx \ tt). 

If (/3 -j- ik) is not, a root <>f/(/J) ^ o Ihc parlicular integral is llir real parl of 

, , /,;,.''('..'* ifyitx 

JW -i '/-) 

If (|9 + *A) is a multiple rool. of order r nf/(/J) - o llic purtit'iilar inti^ral is t 

real part of 

' 



8.130 l'(.v) - .v'".V, 

where A' is any function of ;v, 



The series must lie exlendod to llir (m \ i)lli irmi. 



8,200 Homogeneous linear equations, (lenerid form: 

.n tf "y ,.i.-i ''""'>' *',V 

Denote the operator: 



The differential equation may he wrillon: 

/''(O)-.v- I'f.v). 

The complete solution in the sum of Ihc .'ompicnu'iilary fniulinii, nhtaiitcil by 
solving the equation with V(x) o, and Hie particular inland. 
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8.201 The complementary function. 

y - cix^ + c->x^ + ..... -|- Cn x** t 
where Xi, X a , ...... , X,, are (.lie n roots of 

l'\\) =-. o 
if Uu) roots arc all distinct. 

K X/, is ti multiple root of order r, the corresponding terms in the comple- 
mentary function arc: 



K X .^ n :h //' is a pair of complex rools, of order r, the corrcHpotutiiig terms 
in (lie (xnnplementary fuiuUion are: 

*"([>' -I- /la 1K ' 'I' /'a 0"K -v)" -I- . . . . -I- A r (log .r) 1 - 1 ] cos (v log *) 

-I- li/ii -I- a log :v !- A'. (log .r) a -I- .... -I- ./J t .(log ;v)""'] sin (i/ log ;v)}. 

8.202 '.Hie particular integral. 
If 



j, :;; , V X, /^i Ar I ( / A; /^--Xi-i^, ...... fo. x x " ' 1 K( i v) 

j 
8.203 Tlio operator y,;^ may be resolved into partial fractions: 



v-l-Ai p 8* x f x"^~ l V(^l 
\i 

-I- ..... -I- #&*" I x 

^* 



The particular integral in K[iecial cases, 
8,210 - T'(.r) - c,v fc , 

-, - __ ^-6 

J " !'(!,'} * ' 
unless A is a root of / (1 (0) o. 

If A is a multiple rool; of order r of 7 ( '(0) o. 



where PW(k) is obtained by taking the n\\ derivative of tf(0) with respect loO 
and after differentiation substituting k for 0, 
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8.211 K( ;V ) -. -. c.vX t 

where A' is any function of x, , i 

** 4i _. . ,. *>r: \ 



8,220 The differential equation: 



.|.(,H-AvK i J -I- , ,, K(,-), 



)imy |>c reduced to Lhc homogeneous linear equation (8.200) by lltt: clwiuio of 

variable 

s </ -I- ti.v, 

It may lu reduced to a liuour wimition willi nniHlunl cin-flu-irnlH by HKJ 
change of variable- : 

c.' >- a ! l>.\: 



8,230 The general linear equation, (iunurul form: 



where A, A, ..... , P n , V air function* <>f .v only. 

The complete solution is the sum of; 

( (a) The complementary funclion, whicli is llu'^nrml solution of (i 
with V m o, and conlaining ;/ arbitrary ('(inslanls, und 

(b) The particular integral, 

8.231 Conjljlcmcnujry Function. If y,, A. ..... , , . i, lt |q,(jnt|fi,,t solu- 

tions of 8.230 with V * o, tlw complementary fundion is 



The condituHis that y,, y a y n | )U w independent solutions in that tlm 

determinant A =|= o. 

A, 



When A ^ o; 



rf'Va // 

K.-.",^^ " .' >i 

rf* DbT 



y 



A 
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8.232 The pnvLiculur integral. '.It A t is the minor of -. -~ in A, the nar- 

f/.V"" 1 

ticular integral is: 



8.233 If y, is one integral of l.hc equation 8.230 with v = o, the .substitution 

tilt 
y = , fyi , v-^ 

will result in a linear equation of order -n ~ i, 

8.234: If y\, 3'u, ...... y n -\ arc n - i indciicmlciiL integrals of 8,230 wilh 

V o the complete soluLioti is: 

- 1 

AA -y '..'.rf* , 

' c 



i Ai 

where A is Lho [k'.terminant: 



/ij.-.Q 

and An, is thu minor of . - r ,r in A, 

' 



SYMIUJUO MKTIWDS 

8.240 Denote tho operators: 

f/ /) 

-.- ** i} 

fl.V 

X "f" ra (J, 
(IX 

8.241 If X is a function of .v: 

i. (I) - /)~ l A' c w * I c~ m * Xdx, 

(/) - w)~ l o - w"". 



2. 

3. 
4, 



(0 



'V - X M A!-"" 1 AV/;v. 
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8.242 If /'(/;) is u polynomial in 1), 



3- <: w */''(/;)A' 

8.243 If /'((?) is a polynomial in 0, 

1. /''(0).V" - 

2. /''(0).i:"'A' " 
3- ;v'/''(0)A' . . 

8.244 ^"-i- 



INTMIIKATIMN IN HKKIM 

8.260 If a linmr dilToronlial M\\W\M\\ can Im rxpirwi'.! in the symbolic f nn 

|>W)-l-/(^:|v -o, 
where y-'(/?) :unl/(0) uru polynomials in I), llir sulnlihilinn, 



fl to the 




8.261 The equal ion 

/(/>) - o, 

is the " in<Unal equation." If i| in satislinl ,/ may In- cli.m arl.ilmrilv, and llu- 
olher coenineiils nre Ihen delcnniin-d. 

8.262 An cf|iiiilion: 

r ,/- 

/'((/) -I- <j)(Q) , ;,; .v "" o, 
may he reduced !o I he form 8.2CO, where, 



>-m -^(- a ). . ...ffl ...,., ,). 

If tliodyrecor UitMrnlynoraial/wBrwiierthan (lull f /' tlK-st.ri.-Hj.Iwttv.HC 
verges; if the degree of/ is le<* than that of /' the mries ulwuy. tllverttca/ 



8.300 
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ORDINARY DIFFERENTIAL EQUATIONS OF SPECIAL TYPES 

d "J. v 
" ' 



where X is a function of x only. 

1 Pi 
y ~ (- i)\J Q ' +fcl ' v ~ H ' 2 - V ' 

where 7' is Lho same function of 4 that X is of . 
8.301 

where Y is a function of y only. 
1C 

>Rv) = z I Ydy, 

the solution is: 

/dv 
. ___ .-..,...,., ,__ F ti i ,* 

8.302 

--"- =a 7'' 

Put 



a: -I- CL 



and this uqualion may l>c solved ]>y 8.300. 
(.)]: the equation can bo solved: 

' vdv 



r 

J 



where the intcRi-ation is to bo can-led out from right to left and nn arbitrary 
constant added after each integration. Eliminating Y between this result and 

K-tfOM-c,) 
gives Hie solution, 

8.303 

d a y , 

J - taa /' 

tlx n 
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Put 



.- , , 

rf.v a l 

which may he solved by 8.301. If tin; solution run In 

r </,{*), 

n - 2 integrations will solve; the j[ivi, i n dilTm-nlial i'<|iiiitioM. 
Or 



v _ r ........... & ......... /: .. <"' r r,/r 

y " J \ci'\<WWJ |ivi-^(r)M ....... J "|i-, |.^(O|' 

where the iiiU'KnUinn is In In; carriwl mil from rinhi to Icfi nitil an arbilmry 
conslnnt ntklod after ouch inu^riitinn. The wilution uf Mir ^ivcn (liri'i-rcnlial 
cqualkm is obtained hy eliminiuiun bclwccn this irnull and 



8.304 Differential w|imlions of ihr .si-coml urtk-r in which llu- 
variable does not appear. (Itiiwral type: 



Put 



A differential equation of the lirsl. order ivsulin: 



1'f the solution of thin equation is: 
the solution of the given equation is, 

ft'~|-l"9 " jj/i' 

8.305 DifTerential equations of the second order in which the ileiwnilcni vnrinblo 
does not appear. General type: 

/ rfv (Pv\ 

/' I.V, -*, y*l 0. 

ix . \ MlV *1V / 

Put 

i jl.'wl ^J 1 II 
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A differential equation of the first order results: 



It the solution of this equation is: 

*-/(*), 
the solution of the given equation is: 

y ^ + fj(x)dx* 

8.306 Equations of an order higher than the second in which cither the inde- 
pendent or the dependent variable does not appear. The substitution: 



as in 8.304 and 8.305 will result in an equation of an order less by unity than the 
Riven equation. 

8.307 Homogeneous differential equations. It y is assumed to be of dimensions 

, x of dimensions i, -/- of dimensions (n - i). TO of dimensions ( - 2). 
1 ' (/A: </;v 

..... then if every term has the same dimensions the equation is homogeneous. 
If the independent variable is changed to and the dependent variable changed 
to s by the relations, 

v _. J) .\, _. p/iitO 

V (/ j _) (Ml/ ) 

the resulting equation will be one In which the independent variable docs not 
appear and its order can be lowered by unity by 8.306. 

i 10 

If A'. -A - : rr, ..... ar& assumed all to be of the same dimensions, and the 
" dx. rf-s 2 

equation is homogeneous, the subslitution: 

y K! gf'l# ' 

will rcHiilt in an equation in it and x of an order less by unity than the given 
equal ion. 



8.310 Exact differential equations. A linear differential equation: 

/"/"u //"*""'AI rl-\i 

n l y i n ** il i i j) "'i i n n 

Pn ^ + 7Vl SF^ " h + 2 ' ^ + - Po " 2> 

where P,Poi-Pii P H are functions of a- is exact if: 
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The first intcRm! is: 

t^'i'-l'" '-' '<',. . 
whore, 




If llic first integral i mi exact ililinniii.il ri|iuii<iu iti.- [... - .-, |, MV }, , ;o 
limiwl :IH lon|? iisllti: riictliiii'nlsof r.uli Minr .iv- inlrMinl *,ili Jy llir 
of intcgraliillly. 



8.311 Non-tincar ilirtVicnliitl niuulifii'. A UHM Itiit.n -liisntiilr.il c|iiii(iiiii o( 
{.lie lh 



to lie exiict musl cmUiim ' lit tin* liM -|<V)H' "'v- I'm 
t/i" 



CKrulu the i't(iwltnii im the ii'.-<HHi|<i{n Mu) /< *-. Mi. nuly v.trMhl,- 
ft its dilTc'i'i'iiliitl citt'tlicit'iil, l.ci du* M -inti U- I ', In r ,/v ,/t", 

(TiV *' j/i 1 " 

the highest (Iil7i'ruhlmlnit'l)iiii'ut an.! it IHMIH iti 0* m .1 t|i t ;r '"ity, Kci 
this process tw oficinw nmy In- m-rr^ny *n>l Mir ht-x iuir^ ; il .( (he f\wi 
fcrcntlttl equal ion will In- 

I', I |"j t ,,.,,,. - * 

If this process breaks ilmvn (iwii^ IM ihr a|>jHMM!iir j !l- hi^lin! 
coefficient in a higher il^ree limn Mir lir^i llir ivru iliHrtmiUI niuahun was 
not exact. 
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8.312 General condition for an exact differential equation, Write: 

dy , ifiv d"y . . 

-f- = y' -7-7,- => y" ..... --<:- = y). 
dx y dx 3 y ds n * 

In order that the differential equation: 



be exact it is necessary and sufficient that 

w_JL (*r\ , (?L 
ay a* W/ a* 8 w 



8,400 Linear differential equations of the second order. 
General form: 



where 7 J , (J, A', are, in general, functions of x. 

8.401 If a solution of the equation with R -= o: 

3> ?f 
can lie found, tlic complete solution of the given differential equation is: 

y c&v -|- A7C' Ce-S* ~ -|- w rc-/''"^ - fwRc/ 1 '' 1 * dx. 

(/ W / ^ t/ 

8.402 The general linear differential equation of the second order may b 
reduced to the form: 



where: 3> vc~'M''' <lf t 

T - (} -. - - - T - 7 
./ i/ -- . j, 

2 dx 4 
8.403 The differential equation: 

<l~y ,. dy . ,, 

T# + p ^ + ^ ' - 

by the change of independent variable to 

c - yv/w* rf. v , 
becomes: d~ 



By the change of independent variable. 

its QcS pd * dx, 

T 

Qc * "-jTjg, 

it becomes: 

d / T dy 
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8.404 Resolution of the operator, The difl'emUiiil equation; 



may .sometimes he solved hy resolving the operator; 

it .-':, ! !i . !', 
tlx* il.v ' 

into the product, 



The solution of the differential equation reduces to Ihe solution of 

/' ,' -I" .VV [ " <}(' ,' P' '*' 

ax 
The equations for determining p, /, tj } ,v are; 



8.410 Variation of pti mine tors. The cumptolo HtthuEtm nf ilu- ililTorcntial 
equation; 



/.(.vJ/jttO Jrff, 

where /,(*) and/^Ov) are two particular solution* of the differential u 
with R**o, and art; therefore connected hy the rHaliun 



C is an abaoluto con.stant depending upon the forms of/, ami / 3 und may lie 
taken as unity. 



8.600 The differential equation: 

8.601 Lot 



(01 -1- to) & + (a, + 4,*) ^ H . ( + ^ V )y - o, 



DIFFERENTIAL EQUATIONS I.8l 



Special cases. 
8.502 fa = 61 - AQ o. 
The' solution is: 

where; 

8.603 D - o, fa = o, 

where: 



f r a 1 

= <: x ' v Ci + c 3 / (rHH-a*)*-** d# 
I / J 



b\ > An 



/> in - "X 

(7^ 

8.604= /; - o, ft a 4= o: 






where 



and X is the common root of: 

aX a -I- iX -I- "(i = o, 

/J 2 X 2 -I- fiiX -h &n - o. 
8,606 /) =|= o, /'a /'i ra o. If ?? =/(8 is the complete solution of: 



where 

4 fl( ,''.f?jri! rt ^i 1 \ !?l . 
/|</u a (la 2 (f 

8,610 The differential equation 8.600 under the condition D -\~ o can always 
be reduced to the form: 



8.511 Denote the complete solution of 8.510: 

*-*'{{}. 
8.612 &i 6 t - o: 

y B X - |I 
where: 
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8.613 b z o, bi-^o; 

y (. a /, j ~- 

wliere: 

\ ~ _ ''" tv 



8.514 

where: 



8.615 



/" 



where <% - ffa ( ft a fin, ft 2/j a X -|- A, and X is one of Hie mols of 

6aX 2 H- fiiX -I- ftu ^ o. 

. aX H -I; fl|\ -J- (10 flifrj - u/t| 

7J t=> ........... ......~ -_j fj .-.,, ,. .., ml ,ij 

7 



8,620 The solution of 8.610 will be denoted: 



3- %#,<) -" e /'(^, ?,-{). 

4- J'fo, ?, - '-"- /-'(t - ff , i - /., j>. 

5. PC- A - ?, e - e f "' /'(i + </. i + p, e. 



-I- , 8 ( - T) er* ^(/;, /, Q 



EQUATIONS 183 



nrFFKKTONTIAL EQUATIONS 13 

8.621 The function F(p, q, () can always be found if it is known for positive 
proper fractional values of p and q. 

8.522 p and q positive improper fractions: 

p => m -I- r, q = n -I- s 
where m ami n are positive integers and * and s positive proper fractions. 

F(m -I- r, n -|- s, ) - ( - 1 



8.623 p and </ both negative; 

p ~ (, - i -|. r) ff = - (n - i -I- s), 

p (_ ,, + x - , - + i - -v, D - ( - i)'" <<H"H.,M~. |L |V<! 1 fl s p(St ,. Q 

8.624 y/ positive, (/ negative: 

/ w -I- r, ? - H -I- s, 



,,'(,,, + ,- _ H + ,, Q 

8.52B / negative, q portiLive: 

p - 

// r //'" ( 

7,V .in I .. .M I ( ^1 -- 3 ^ - T V''-l-/'~t : -ll- tiii-l-l-r-* .'!',..- J (blftv v [_..! 

/'(. ~ w-i-', -h*) $j - 3 1.~ i; * ,/tnl s ( /jm i fc ' ^ A 1 ' 



8.G30 If either p or q is Hero the relation D o is satisfied and ihc complete 
solution of the. differential equation is given in 8.602, 3, 

8.531 If p c:i m, a positive integer: 
i itf i * k\ . 



8.632 If p - w, a positive integer and bolh </ and are post live: 

/'[ /*cn 

</j 7''(w, (/) ) " d / '"" '(i - 'O"" 1 c'^" ''" H- W^ i (i -I- '")'" '"' '""~ l 
' \ /' ',; ,/ 

8.633 If q ca , a positive integer: 

8.634 If q w, a positive integer and both p and are positive: 

/'i f C 03 ' 

c/> /''(/i, , ) - c\ I u v ~ l (i - '/O"" 1 fl" " rf + fac" / (i -1- w) 1 '" 1 " 

(7o wo 
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8.640 The general solution of equation 8, DIG may ho written: 



/"/(" 
Jo 



M 

</> o 



a, _ T P j , A&j) *' /'(A t ')(/> -I- a) 

- - * ii + 70 + 1)" li "" *<;TiX-v" -M)' 



- i -J/' ""'{ '")('/)('/ ! ..... (n -! w - 2) 

................... ' ....... 



... 

;/!" 

where o < p < i and the real part of is positive. 



THE COMPLETE SOLUTION OF EQUATION 8,010 IN Sl'KOlAL CASKK 

8.660 p>o, q>o t rail part of >o: 



8.B61 -p 

Fib ' ft - /''.I'-if I-)--' */. 7'"' 

/ / 

^ ^ 

8.662 /, 



"'-"^! l\i~' 

( Jo 



,663 

i ff, fi) ^'" J1 "' 1 j ci / (i - ^"^"^"rfw -I- c fl / "(i + n) 

I / t/0 



, q<o 
- lit + ^, where w is a positive integer and r a proper fraction. 



I 
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r-i. 

>o: /''(i ?', i (jt ) = c'i / ?r" r (i ~ ii)~ g c~% H du 

Jo 

/ro 
(i -|- u')~ r u~' J c^"d 

f l 

1,1 q, fci^ 

/OT 
~ r (i -I- ii)~^ tl di 

8.666 p<o, q>o, 

q -|- A', where is a positive integer and 5 a proper fraction. 

/''(/;, -h J, l : ) = fi" i; -J|;- I <$-*-<l}(i ~ s, i - p t I ) 
^>o: 7'Xi - i', i - p t ) ~ ci / -'(i - ifi-vc-S" dn 

Jo 

/CO 
(l -|~ li)-'tt~ J> C~&d 

( : <o; /''(i - i', i - />, ) C[ / w~'(i - )~ 1> <r* rf. 

/o 

/ OT 
~*(i -|- it-)~V($ H dii. 

8.G66 ( : pure imaginary: 

/ ** r, q * s t where ; and i 1 are positive proper fractions, 

M-s -1= t: 

/i 

' ' |J| "Vo '^ 

/"' 

Jo 

/i 

A f J* V > I ta Ti / -l/^ 1 "^ FT i 't/ lfl***l/>**tW //JJ 
* \ ) ) S/ ^-l I "^ \ *- 'iy ^ "'"' 

./a 



r -j- 5 H i ; 



8.600 The differential equation: 



,. 
is satisfied by the confluent hypergcomctric function, The complete solution iBi; 

y t +. r,,2 - y i)m x} 
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where . . / , \/ , \ -\ 

ax (-! i).r j a'tfi'l i)(oM< 2) .v 1 

. j) ^i ' 



The scries is absolutely and uniformly nmverj^nl fur nil real and cumph-x valiuis 
of ce, 7, x, except, when 7 is a ncnalivc: ink^r or wro. 

When 7 is a posilivo hHo^r Ihu amipluU! .solution of llu; differential 

eqiuUion is: 

y - ft -I- ft log * K(a, 7, *) "I" <* 



7 

-- i - - - - T - T - 
7(7 + 1} ai\ a+ 1 7 7-r i 

+ 2)ft: a /T T : , .1 , ,' .. l ,.. ] 
-I- a) 3! \ -I- i ' ! a 7 7 I > 7 1 ^ 



8.601 For large vahuis of x llio following unymplulU: rxpunsltin inuy In; usnl: 
Af(a t 7, *) 



T(7) , , / (- i 7;l;.0. ' , (! 0('v 7 I 0(<v 7 I 

.............. ....... 



8.61 

1. Jl/fcv, 7, ;v) P r jl/ 1 (7-(V, 7, -.r). 

2. a'-i'jI/Ca - 7-1- 1, a - 7, .v) * c*.v'' > jl/(i (v, a - 7, .v). 

3. H(a + T, 7 + i, ,i') w jl/( + i, 7, ,v) - i\l(vc, 7, ,v). 



4. ctM(ct + i, 7 H- 1, x) w (a - 7)-"K 7 -1- n -v) \- yM ( 7. ^'). 

5. (a + *)JW(a-|- 1, 7 + i, ;v) ** ( - 7)4/(d' ( 7 I i,.v) I 7.1/( 1-1,7, .v). 

6. ajM(a-\' i, 7, ;v) 7(-|-a-)^(i 7. -v) - -v(7 )'l/( ( 7 I ', -'). 

+ T, 7, :v) (.1! + 3 7)'l/( 7! -v) I (7 Ct)At(t* t, 7, .V). 



~xMa, 7 + i,*} - (.v+ 7 



cv 
j " 7 ^ .7 TI -vj. 

, 7, x) tlx (t - 7)/( - r, 7 r, a-} <* (7 - i), 
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Kl'KCIAL DIFFERENTIAL EQUATIONS AND THEIR SOUTTIONS IN TERMS OVM(a, 7, 

8.630 



. x y 1 

-I- qx) T;; -I- i\aq + /> a - ( /;2 + 2 qs(p -[- V/) y - o, 

,/,! ' J J \i Z / ^ "J 



(X. ~, 

8.631 



j 7, 2/.V). 

8.032 



-I- a(/j -I- ?.u) -^ -I- { ? -h c(i - /i a) -I- (/p + <?.v) H - c 3 ( A : - w)' I J - o, 



8.633 

g,.(^.,^g..,j^_ a .^^., T/ _ 2 ^. h 

^'~'?_ 
y^c-tp'^a; ' j|f (, Tl 

XzJE .,. aaH . a (/,,-) 
* n 

*y f o <V _ r ^ 

: - J "I" C^ a -I- 2^7 - 4f) + ia(b - c) ; v -I- fi(6 - 2c).v 2 y - o, 

y , C " >( " ; - 6 l I/(a > 7. CT a 
8.03C 



- 7) J 



7. 
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lions of any of these differential equations. The range in iv is i to 10; in 
a, +0.5 to -h4-o and -0.5 to -3.0; in 7, i to 7. For negative values of x the 
equations of 8.61 may be used. 



SPECIAL DIFPERKNTIAL TCQUATTONH 

8.700 

'??. j. B V A'f-vl 
d& ' y W 

where X(s) is any function of x. The complete solution is: 

/,. 
A'() ainh.(.v- )</ 

8.701 

gn-.g^-Jrw. 

The complete solution, satisfying the conditions; 

,r o 3' = yn, 



cos w .[. - 

2H 






i/ a /<a 

V '" - ....... 

" (i. 



where 
8.702 



' J J'6~J'W*g(X)<lX + Ci 

8.703 



a-*/ 1 - 



r __rfy 

8.704 



/ 

/ j^ 



v _ 
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8.706 



3. ((( - i) 3 
8.700 



fcf .. W dy ciftrS'W* dx -h CB. 
8.706 



j- - c -"* {ci -I- f a/c " v ~ 1 ^ (/.v 
8.707 



8.708 




w ic"T"(ci cos (X 1(>K ff) -I- ^a in (X loj )} 



y IK 
2. <J>6, X * V<' - l>, 

y ta c" T (ci coa X;v -{ ca sin X) 
8.710 

tt .\ rfa - v 






ff -M* -i- y ~ , 



7 A*) 

f v / , x r i v T i 

Ci(ff -f 6*) + Ca ( e x - (ft + ox) I 77r C A rf f 
I / JW J 



MATUKMATJCAI, FOKMlU-.i: AND lai.II'TIf niNl 



8.712 



1 v ( llin . r " 

y-> x \ .<".' * *j.' ' /( . 

8.713 



y f|C"' lw {pt sin (Wi.v [ i) I' coi CMS (uii.v ! (V ( )| 

I ((- ' |M |/'J : 'i" (w^.c I 
where: 



untl s is a I'ool. of 

3 - <-' .-, ^f,, , /),/) | ,|f,,,' , . ,;,^ , //') .... n, 

(tvinliii/, Ann, il, Phy;<ik ( 



IX. DimaiRNTIAL EQUATIONS 

(continued} 

9.00 Lege m Iris's liquation: 

/ .* <l''v ilv . f , \ 

(t -- x-) f/ - - a* -f- -I- n(n -|- i)y - q. 

9.001 Tf n is u positive integer one solution is the Legendvo polynomial, or 
7,onal 



aaw - i 2-4- aw - iaw -3 

9,002 If w is tsveii the lasL term in the finite series in the brackets is: 



.)T(O. 

9.003 If is odd the lusL term in tlie brackets is; 



9,010 If ;i !H a positive intc^ur a second solution of Legendre'K liquation is the 
inlinito series; 

r v ) . *"WL I , v . ,, H o ... OH:. JX +J> .(... 

V " UlJ (aw -|-i)l \' v ' a(a.|.3) 

(. -I- i)(w -I- 2)0;. -I- <0> .t_ 

1 a-4'(2wH-3)(2W"i"5J 
O'.Oll 



-- ---- (aH) , 

9,012 

/Wi (cos 0) - ("O n ^^jjr { sin'" cos - ^- sin- cos 



: Mnsss. nf A'fn.1:li. A2. n, (ic. 
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, V., I//' //'., 

-M)/V' .'' - 




9.02 Recurrence formulae fw i /'<.(): 

i. OH- O/'mi i /' i ( j i O-v/v 

w. 1 (/ ' 1 " 11 '"'" '. 
3- 

4. 
s- 

7- (-'"'I- 0(i -^' ',/,." " "t" f l)l/1 " ' ''-..'I. 

9.028 Recurrence foniHiluo for (M-O- 'I'lu-M- uir Hie -,;inu" u-i tlninr fur /* N (,v) 

9.030 Sjiecfol Values, 



^n(.v) 



SA- w tsni.m -.. Umax* 



WFFKRKNTIAT, EQUATIONS 

9.032 



9.034 RodriKiws 1 Formula: 

/) 
y 

9.035 If sf w0: ' 

/) f 
* 

9.030 IE w $ n : 



A o 

whore: 



0.040 For nil values of in 

2 
n\ I ^ 

9,041 If n ifl a positive Integer : 



9.033 If s - r COM 0: 

l(ms ^y.Ccos 0) - JV,,(cos 0) 



lAPLACK'S INTEGRALS, TOR AU, VAUIKS 01? 

9,042 



T fx 

* n (x) m I j ;V j. */j* - I COS 01 " (l(l>. 
IT I- 



0.043 
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INTUGHAL IMWH'KRTIKS 
9.044 

/ i ' hl j! l M (4/ l (*)''.voifw4: 
J-i 

'I 

u " - if m ' n. 

Ml -I I 

9.045 

/'i 

(m-w)(*-h-l-i) I ^ w (.v)y i (aj) </.v 

I/-T 

- i U'mllOw -I' O/'-m - "/' '1 - /'"LOW "I' 0/'.M1 ..... '/'* Ol 

9.046 

(att -I- 1) Av(.v) <to - i - A-7',, a - 3.v(/V .|. 7V ! ---- I /', >' 4 ) 

1-aC/Wl /V'. I .-MW 

KXUANSIONH IN LKflKNimK KUNCTIONS 

9,050 Neumann's expansion: 



(i(H-5) /'"/W.^./.v, 
./I 



*' ' 

. 
2 



fil'KCIAT. KXPANSlONfi IN T,KOKN1)H15 KUNCTION9 

9.060 For all positive real values of n: 



9.061 Any polynomial in ;v may l>u expressed its a wi'iw nf hcKi'iulru's poly 
nomials. If fn(x) is ti polynoniint of (loKii'o : 



8 , a _ jv - / (a _ . , 

9 fl ( 9 - 2 a ) / m , 1 I - C()H HIT 

- 



" 3 n / m 
i ^d p ( C08 m 





2 . smnO = 
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I sill 1171 



9,061 1C n is a positive integer: 

,. cos nO - 



( - 2)"] [ - ( 



0.062 *" 

n 

ii u. i 



2T _ I V ? .......... fo+. i) ......... 

4 2 Zy (aw - (aw -I- 2) V 2'4' 



i 



?te 



ii 

9.063 

. . <? 



am HK-I 

2, loir , "."/) log BUI log 

i sin V 2 

^ " H I 

9.064 A r (A) and J!5(A) denote the complete elliptic integrals of the fir 
second kinds, and k sin 0; 



!</> MATllKMATH'AT, l'OKMm./K AND lai-II'TIC JUNCTIONS 



t'wi. nf MiUh, ,'tt, p, Mg, 



9.070 The dilTcrenlml cqualitin: 



If m in :i ptwitivu intogor, uiiil -i>,v> ! i, twu sultititms nf iliis ililirivntiiil 
cqwvlum tire thciwsocialwl Kcffciitliti fiii 



9.071 If , /;/, ; lire positive, luu^orn, uiul >w, r 



9.100 UcHscl's DinVronliiil Kquulion: 

iO:.i,i rf x,, 

rf.v ' .v ( /.v ' 

9.101 One Bolullon in: 



9,102 A HL'coml Imlqusmleiu HoluLhm whtin c in unt un inU^cr in: 

omo T f - y /-i-(.v). 

0.1U3 If v M H, an mlegor: 

/-(a 1 ) (-!)"/,.(*). 
9,104 A second indcpcnrlcnt solution wln-n v - , tin inu^r, i H: 



* 



DIFFERENTIA!, EQUATIONS IQ7 

LOB For all values of v, whether integral or not: 



J-v(X) COS 

Y-,,(x) - sin virJt>('x) ~\~ cos virYi.(x). 

9.106 For v = n, an integer : 

9.107 Cylinder Functions of the third kind, solutions of Vessel's differential 
equation; 

9.110 Recurrence formulae satisfied by the functions J V) Y,,, II,., II, C v 
represents any one of these functions. 



2. 

3- ; 

4. 

S- 

t 
6. - 

9,111 

T rr,,s' /F " C ' r) VM rf/ M 

11 ^'^ - ( Iir~ FllW ET 7T,: 



ASYMPTOTIC EXPANSIONS yOR LARGE VALUES OF X 
9,120 _ 

2V + I 

i. .-;v - aj cos x - - 7T - a: sin -- ~ 



.V sn * - - TT + ,, cos .u -.- 
7r:ut. V 47- \ 4 
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4. tlv 

where 



A" i 



ij! 



0.130 

I. /Q(.-V) 







I DC)' 



7 M 0-5772IS7 (0.602). 
9.131 Limiting values for * o: 



(x) o, 



Jm'l'KKTfiNTIAL KQUATIONS 

9.132 Limiting values for ,-v = oo ; 



COS .V 



/<.(*) 



i / 

V a ~ 



sm x 



IT 



7T 



'TTX 



TT 

cos I .-v 

4 



, /irx 

VT 
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9.140 Bcssd'H Addition Formula: 
* J v (x -I- //) 



9.143 



9.160 



9.161 



9,141 MutLii)liciition formula: 

r ^ ^ 
J((XX) 

9.142 

rn 

S 

ft-MQ 

wins re 



*0 



"jr + A -i- 1) 



HKI'INITK INTK(!UAT, KXl'RKSKrONK FOR HKKSKT/K FUNCTIONS 



COB ^;V SI 



f 



cos (.-v cos 0) sin 2 " </> r/r/>. 
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9.152 /.v 



Jf n is tin i 
9.163 

9.164 
9.155 
9.156 
9.157 



;/" 



r 

/I! r. (A') ' / COS (A';iill(/)l-(IS {,}(/>)(/(/ 

' 



. /' 

"- / / 

TT,/.. 



ros (A' i:o;i t/i) ro:i (,;m/> )(/</> / J . 

'"' ,/ .. 



"* 



V f* . /'" 

*n-\M<"-'" I sin (.r silt i/) .sin (JH | i)(/(/(/i " / '. 
"./ '',/., 

("0" / Ifr ( ii" r*. 

aniiGv) - - / sin (.VCIIHI/I) nm (.' I i)/n/r/. "' / /. 

/" 71' . ,/.. 

r i /* J(f 

(' '"/H^rl tl ,/ 1( /J, .... .' / -M.'MM, I,, ,;,,/,/, 

J7r t /,, ' 



INTKtlUAI. )'UlilM.IITJl,:i 

9.100 Jf CV(^;v) is uny nnu of the puriiniliir juti^r 



of llio (lifforcntial u(|\miion; 



9.101 If /to uml juj urc two different rtmis of 
CV(jufi) o, 



/ 



MA" - JUi* 
9,162 If ^ and /i, are lw different rools of 



and 



If A 

f< 



J CX^v 



o, 
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2OI 



KXl'ANSIONfi IN HESSE!, \S FUNCTIONS 

9.170 Schlihnileh's K.xpanslon. Any [unction /() which has a continuous 
differential coefficient fur all values of x in the closed range (o, TT) may be expanded 
in the scries; 



where 



9.171 



where 



9.172 



where; 



and 



9.180 

i. sin & 



/(o)-|-~ f f"*f (u* 

Jo Jo 

2 / >7r /"'- 

" 3 :: / w cos kit I 3 f'(n sin 0) dOdu. 

Jo Jo 



J(x) 



2(-hi) / /Gr)^"- 1 - 1 ^, 

2 /" 

P77--Y15 / x/(x)J n (a k x)dx. 
iy i.cu-;j ^y 

(Hridgnmn, Phil. Mag, 16, p. 947, 1908) 



(Stcphensnn, Phil. Mag. 14, p, 547, 1907) 

SPECIAL EXPANSIONS IN BEBSEI/S HJNCl'IONS 



2. cos ft; - 7 (a) -i- a (-i)*/(*). 
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9.181 

a, ( . 

i. cos (a sin 0) /o(;v) -I 



__ 

2. sin (s sin 0) 2 y.Jttt.\.\(x) in (art -I- 

AJ o 

9,182 



T 

11 



9.183 



9.200 The (Hffcrcntial equation: 



</.v' J x d.v 

with tlie fwbstlilutlon: 

a * y\/,v, px p 

becomes: 



which is Besscl'a eqimlion of order + i. 
9,201 Two independent solutions tire: 
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9,202 Special values, 



r / \ I / ~ / S ' !1 X \ 

J (x) V ' - ' ----- cos a), 

v ' V 7T;V \ .V / 

/"T f 

/(()=--' V-"- 

" V ' V 7T;W [ 



-y 

; - i sm * - cos B 

X- I X 



9,203 



9-204 



0,206 



//" 0,0 - v 



I COS X > , 



-';- H- i cos a; 



20/j. 
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9,210 The differential equation: 



with the H 

becomes '.Hind's equation. 

9.211 Two independent solutions of 9,210 lire: 



9,212 If v M w ivn i 



// /.v). 



9,213 



A/'rr /p\c / IM ' 
, V ^ ; ' / nillll"" 
(.f -I- iJ w ./ 



9.2U If ft; is large, to a firHt approximaiion: 

/ C-V) - (27T.V C08h #)"" C* (^'^" 
K n fa) M 7T(27T.V COall /yj"l'"' (owh/ 

w * sinh |3. 

9,215 Bor and Bci Functions. , 

l>cr*-Hbcl:r 7 
her * - i he! * /n 



bor^t-^Q-i... 



i x 
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9,1216 Ivor ami Kci Functions: 

km- x -h / kci ;v - K^xV*), 

ker .v - /' kci x A'n/.v' 



kcr .-v ( log J - 7 ) hov .v -|- 7 l>ci a: 
\ .v / 4 



2/ \2 



2 3 4/V2 



9.220 The Ik'HHcI-ClilTonl DilTcrcnlial .I'iqiuition: 

.S + o. + o^ + , 

Witli the subHliUilinn: 

2 iV^'y ^, 2 

the dilTcrmUiiil u(|iitUio]i rwluces to ItesscPs wii 

9.221 Two intlupt'iitlunL solutions of 9,220 arc 



9,222 

C f M-->*-CM' t 

AtViaCv) - ( -I- i)CV,.iCv) - CV(;v). 

9.223 TC v w, nn inlogtir: 

^(^-(-r)"-^), 



9.224 Changing the sign of v, the corresponding solution of; 

dH t x dy , 
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9,226 If v is half an odd inlejjcr: 

,, . . sin (2-N/.V-I- ) 
t'iw ~ ...... > ....... 

2V.V 

/( , . </ ,. , v sin (aV'.v-l e) nw (*\/.r ( c) 

...... 



x .inis(.*\A' ! (i) 

., 



6 is arliiU'uiy HO as to ^ivc ti .scnuid iirbilmrv cniiHiii 



0,226 For x netful ivu, ilu: suhition uf tin 1 I' 

i/ ;! v , , . x i/v 



when P is half an odd InUwr, is obt;iinnl from tlui viiliirn in 0.220 liy 
Bin and cos to inh and ctisli nuiiM'livdty, 



0.227 



/Iff 

1, / C-|(;V COS 9 0) f/0 " TTC'tiC-V). 
Jo 

pir 

2. I C\(x cos a 0) t/0 7rC'i(a:). 
Jo 

C* ' 

i/O 

4, / C\(x sin a 0) Kin 1 rf0 C'^(.v). 

Jo 

5, / C'lfA' alu* 0) in rf0 
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9229 Many differential equations can be Halved in a simpler form by the use 
of the C functions than ]jy the use of Vessel's functions. 

(Greenhill, Phil. Mag. 38, p. 50I , I9IQ ) 



9.240 The; differential ttquation: 

</ ;! .v , 2 OH- 1) d-v 

'<w' ] ........ * ........ ;/i->- 

with the change of variable: 

y ;yr ""*, ' 
becomes Jtaul'H equation 9.200. 



9.241 -Solutions of 9.240 are: 

T - 



9.242 The change of variable; 

x aVs, 

tmiwfiirmH equation 9.240 into the licstcl-CliffoKl differential equation 9.220 
Thin leadu to a general solution of 9.240: 



Wlu;n m an iiiLt'Kcv the wiuatioiw of 9,226 may be employed. 



sin (x -I- e) 
il'.-l- ---, 



9.243 The Holution of' 



may be obtained from 9,242 by writing sinh and cosh for sin anS cos 
respectively. " , r 

9.244 The differential equation 9.240 is also satisfied by the two inqfppo'ft 
functions (when ;i to an integer): 
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COS X 





A"o 

9.245 The general solution of 9.240 may be written: 

/i. ''YAc'fJ-Al*. 

9.246 Another particular solution of 9,240 is: 

.(;/ .|.i) (H - i)OH (>' -I- -0 ,,, _ 






9.247 The f unctions ^ n (;v), >T'(.v) ,/(.} wilisfy llu- siunr irrurrnicr foniiulue: 

(/.V ' '" 



9,260 The differential equation: 



I/A." .t 

with the change of variable; 

y *>* u\/x 

t 

is transformed into Hcsscl'st cqualion of order n -I- . 

9,261 Solutions of 9,260 aroi 



T 

- ;, 



~ 9i262; The functions ?(*), C(!) ,(*) satisfy the same recurrence formulae: 
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o ' _ V V,A , x 

(/.V ~ ^W ~ "AGO- 

3- .V H .i(*) H^ .S', ( .v -, 



9.30 Tlio hypiM'tfenmeUie differential equation: 



9.31 The equation 9.30 is satisfied by the liypcrgcomcLric scries: 
lf(n B -Y v) i .|- ' v ^ v .1- # -^ ^/ilL # 

1 \ f '^t Hi li '/ a ' I , , V " '"*; - ; -r X" 

i 7 1-2 7(7-1- 

-l- r) (ff -I- 2) 



The HtM-iuH nuwtTKuH iilwnlulcly when x<i ami diverges when ;v>i. When 
-|-i it converge only when -|- jS - 7<o, and then absolutely, When 
-[ it canvorKOH only when cv-|-^-7~i< , and absolutely if 
! ^ 7<o, 



0,32 



~ /'(, ft 7, *) - #fi /-'(a -I- 1, /3 + T, 7 + i, *). 



9,33 Reprcflcnlallon of various functions by hypergcomctric series, 

(i + ^-^C-w.ftA-*), 
log(i+ai) m xF(i t i, 2, ~x), 
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*)" - 2 7'' - - - -I- *, {, a' J 



log , 

ly I - X 

,,/H II T . \ 

coaws /'I-, - >;, sin- ;Vl, 

\2 - ~ / 

,,//H' ii" Ji 3 . \ 
BIIH/S w '/(.sin a 1 /' ~ , "-, -, snr.v), 

\ '.. - ! / 



Hitr^-^';,, 



(t 1-\ 
II .I. T T -" ___ I 
~~ II, It 'I' Ip 1( Jl 

" / 



, I l 



9.4 Hcavisidc's OpeiuLionnl MulhotU of .Solving 1'ai'liul Diffcivniiii) Kt 

9,41 Tlic partial (liffc'rential equal inn, 

Wu On 



where a is a constant, may be solved by Hi'iivlslilf's operational method, 

n i 

Writing p t and ' y 8 , the equation becomes, 

/) 
va "*' V " 

whose coni])lete solution is c'"Vl *|- "<"/*, where /I nnd /i are in 
constants to be determined by the boundary conditions. In many applications 
the solution <r<"-W, only, is required; anil the boundary conditions will 
lead to n * r '<"/((/) i/ , where n in conslant. If ^ ''*/(</' 1>l? i'X|uult'iI in an 
inrmltc power scries in //, and the integral and fractional, positive and nt'galivc 
powers of p be interpreted as in 0.42, the reuniting serins will be ft solution of 
the differential equation, satisfying the boundary conditions, nnd ri'tluc.ing L 
o at / m o. The expansion of fl"<"/(</) itiay be carried (tut in two or more 
ways, leading to scries suitable for numerical calculation under different 
conditions, 



t 

I 

f 1)1 I'TK UENTIAL KQUATIONH 2 1 1 

9.42 Fractional Differentiation and Intimation. 

In l ho following expressions, i stands for u function of t which is zero up 
to / o, and equal to i for />o. 

9.421 



9.422 
p i o 
/ a i w. o 

/' f r - o 



9.423 
/ri * a 



7T 



2*t /T 
.".,'. I/, i. 

.1 K IT 



9,424 
r 



whore c may litive any real value, except a ncRaiivc integer. (Conjcclv 
9.426 



9.426 With p 



p-a 

-" - i (c" - i) 
/t - a (/ 
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9,427 



9,428 If 2 

zVal 

g-V _?. . / 



i :v /"" ... u a <' y 

(/ \/7r ,/a "" 

9 43 Many examples of the use of this method ur given liy Iliitivisidu: Klurlro- 
magnctic Theory, Vol. II, Broniwidi,.ri'om'dings Cambridge i'hilosophind 
Society, XX, p. 411, 1921, hoa justified ils a])i)licnlion by flu; mrlhod of contour 
integration and applied it to the solulion of n problem in [\w c.induclion of heal. 
9.431 HcrliU, Arklv for Matcmalik, Aslrouomi ttch I'ysik, XIV, n)io, has 
shown that the same methods may 1m applied In I ho muro wnm\\ 
differential equation* of the type, 



and the relations of 9.42 are valid. ' 
9,44 Hcavisidc's Expansion Theorem, 

The operational solution of the differential equation of 9,41, or lite more 
general equation, 9.431, satisfying the H'wn boundary conditions, may be 
written in the form, 

l 'W 

11 f!1 "rv 1 , , 



where F(p) and A(/0 are known funclions of / ^ ^. Tln-n 
Expansion Theorem is; 



where a is any root, except o, of A(/>) - o, A'f/') denolw llu; firl dt-rivalive ctf 
A(/;) with respect to p, and the mimmailon is to he Uikcn uvcr nil lh roots of 
A(/0 - o, This solution reduces to * o tit / o. 

Many applications of Ihis expansion theorem lire KIVI-II liy Ilenvisiilc, 
Electromagnetic Theory, II, and III; ]SIclrical I'apt'i'jt, Vol. I f, Hurliu, 9.431, 
has also applied this expansion theorem to the solution of the prnMem of the 
distribution of magnetic induction in cylinders and plitlw. 

9.46 Bromwlch's Expansion Theorem, Bromwkh II&H cxlcntlcii Ilcavinide's 
Expansion Theorem as followa. If the operational solution of Ihc partial 
' liff "rential equation of 9.41, obtained to satisfy the boundary conditions, is 



WFFK1WNTIAL .EQUATIONS 313 

where C/' in a constant, Hum the solution of Liu; differential cqualiou is 



where A/ mid A^i arc defined by the expansion, 



is liny root, of A(/>) < . o, A'(/>) is the first, derivative of A(/;) with respect to /;, 
and the summuliim is over all the roots, . This solution reduces to u = o at 
I . = o. rhil. MUK. M, p. <|oy, igig; Proceedings London Mathematical Society, 

15, p. 'JOT, U)l6, 

9.9 References to Bessel Functions. 

Nielsen: Handbuch der Theorie der Cylinder Funktioncn. 

Lulp/% 1004. 

The nutntion and definitions fjiven by Nielsen have bmi adopted in the pres- 
ent collection of formulae. The only difl'emu:e is lhal Nielsen uses un upper 
index, /"(.v), In deiuile the order, where the more usual custom of writing /(*) 
is here employed, In place of //," and //> used by Nielsen for the cylinder 
functions of lli third kind, //' and // n 11 are employed in lliis collection. 

dray and Malhews: Treatise on Jlessel I-'imctions. 
London, 1805,' 

The Hessel lAmclion of Ihe second kind, l r ,,(,v), employed by Gray and 
Mathews in the fund ion 

I'n(.v) -.|. (log 2 - y)J n (x} t 
of Nielsen. 

Schafheillin: Die Theovie der BeHKelsdien FnnlcLioncn. 
Leipzig, looS. 

Schafheillin drlinos Hie function of the second kind, r,,(;v), in the siimc way 
as Nielsen, except that, its sign is changed, 



NOT I-:. A Tri'idlw on tlw 't'liwiry (if Ili-dsd I-'uiicliona, by (1. N. \Viitnon, 
University I'TCHI, njjj, IIUM IH-CH )irnuj(liL out while lliin volume in In press, This Trcutiao gives 
liy fur llic inortt rnniplctc lU'count of lilt; tlicory unil proper licit (if Him 1 ! l-'iincliima that exists, 
(in 1 1 Hluniltl lii'i'innt! tin; Httmdnrrl work on lli wihjiTl willi rcnpccl to notation. A particularly 
vulimlilt! fwilurr JH tlit.- t'ollrclinn of Tnlilcs of Hensi'l Functions at llie end of the volume and 
llie HililinKruphy, Kivinn rt'fcriinn'rt to nil the important works on the subject. 



9.01 Tables of Lcgomlrc, Ucti.se! and allied functions. 
PM (9.001). 

1 A setiontl edition of Gray nntl Matliuwa' Trcntiflc, prcpurcil by A. Gray and T. M. 
MncHohcrl, hna hw;n puhHslicd (iqsa) while this volume is in press. The notation of the first 
edition linn \\ue\\ nhcrt'il In stirnc 
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B. A. Report, iH7<), pp. 54-57. Integral values of n from i toy; frum.v > o.oi 
Lo x = r,oo, interval o.or, 16 decimal places. 

Jalmkc mid Knulu: 1'unktionentafeln, p. N.v, same to 4 decimal places, 

P, ( (cos (?) 

Phil. Trans, Roy. Sim. London, 203, p. 100, it)o.|. integral values tif from 
i Lo 20, from o Lo - go, interval 5, 7 decimal places, 

Phil. Mag. 32, p. 512, iSoi, .Integral values of from i in 7, <.<> Lo 
~ yo, interval i; 4 decimal places. Reproduced in Jalmke and Knule, p. 85. 

Tallquist, Ada Soc. He. Fennicae, Ilelsingfor, 1 ., ,u, pp. i ,H. Integral values 
of n from i LoN; (3 ^ o Lo <> go, inlervul i, 10 decimal places. 

Airey, Proc, Hoy. Hoe, homlnn, o'', p. i ( HMt). Tallies liy ineiinw uf wliirli 
xonal harmonies of high order may be culuilaled. 

Lodge, 1'Jiil, Trims. Ky. Soe. Limilim, ao.t, HKM, p. K*/. Integral values of 
j(. from i Lo 20; => o to M yo, interval 5, 7 dei inml placeu. Reprinted in 
Raylcigh, Collected Works, Volume V, p. loa, 



"GO ...... 

l-'arr, 1'roc. Roy. Hoc. London, 64, roo, iHo<), Integral values nf n frnm i to 7; 
o to go, interval i, ,| decimal places. Reproduced in Jiilmki! and J'liude, 
p. 88. 

/o(*), /i() (0.101). 

Mcissol'H tables, x o.oi to ,v TIJ-SO, interval o.oi, tit n decimal places, 
arc given in Table I of Gray uncl Mathews' Treatise on Hrwti'l's Knnctioiw. 

AUlia, Proc. Roy. Hoe, London M\ t 40, ujtx). x - o.i to x - o.o, interval 
o.r, 21 decimal places, 

Jalmke and Kmde, FimlUionenLafeln, Table II r. ,v - 0.0 1 to .v - 15.50, 
interval o.or, 4 decimal places. 

/(*) (9.101). 

Gray and Mathcws, Table IL Tntegral values of u from n *~ o In n 60; 
inLcgral values of x from x - t to 3 <|, iK decimal pluct-w. 
Jahnkc and Enide, Table XXI II, same, to ,| signilicanl ligure^. 
11 A. Report, 1915, p. at;; n o to n ~ i,\. 

x<*Q,2 to r 6,0 interval 0.3 6 decimal plat-en, 
x m 6.0 to x - 16.0 interval o.j; 10 decimal places. 

Hague, l?roc. London Physical Sue. at), an, n,i6 17, givi'M graphs of /(*) 
lor integral values of n from o to ia, and n - 18, a; ranging from o f 17, 

- ~ K(;v) - G (*)j - r,^) , C ; lCiV) , 

B. A. Report, 1913, pp. 116-130. ao.oi la .v m 16,0, inlcrvnl o.oi, 7 
decimal places. 
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JJ. A. .Report, 10.13, x - fi. S tn x - 15.5, interval 0.5, 10 decimal places. 

Aldis, .I'l'dtv Roy. Soc. London, 06, 40, 1000: x o.i to x - 6.0. Interval 
o.i, 21 decimal places. 

Jalinko and Kmde, Tables VII and VIII, functions denoted K fl Cv) and KI(#), 
x *> o.i to .v - h.o, inlerval o.i ; .v - o.ot to x - 0.0.0, interval o.oi; x i.o 
to iv ' 10.,'t, inlerval o.i; 4 decimal places. 



"!' 



.11. A.^ Reporl, n)h|, p. H,I. TnU'Kml values of n from o to 13. x - o.oi to 
x '-> 6.0, interval o.i; x . . 6.0 to .v - [6.0, interval 0,5; 5 decimal places. 

^ I'nCv) I- (ln K a -. 7yCO, Denoted K (iO and ]',(*) 

y r t \ \ i\ \r f \ 

- l iW I' U"K a 7J-MW. respectively in the tables. 

U. A. Krpnrl, IM-!, p. '/6, .v .- 0.02 lo :V ,. 15.50, interval 0.02, 6 decimal 



:il. A. Hrpurt, lor.s, p. ,u, -v- o.i to .v - 6.0, interval o.i; a - (i.o to 
.v ^ 15.5, inlrrval 0.5, 10 decimal places. 

Jalinke and l-lmdc, 'I'ahle VI, ,v - o.ot to x T .oo, intevval o.oi; x - i.o 
to x <" io.a, inlerval o.i, .j drcimnl places. 

I'uCv), l'i(.v). Denoted A r (( (.v) and A r ,(.v) respectively. 

Jiihnlcc and Kmde, Table IX,, ,v - o.i to .v 10.2, interval o.i, 4 decimal 
places, 



7T ir 



"^0 I' 0K a - 7) /(.v). Denoted r,,(.v) in tables. 

II. A. Repni'l, KJI ij. liitt-^ral values of ;/ from r tn i^. x ^ 0.2 to ; v 6.0 
interval 0.2; ,v - (t.o lo x - 15.5, interval 0.5, o decimal places. 



Jalmke and Kmde, Table II. Inland values of n from n o to 6, and 
//, M j; to . .7; ,v o Lo x 50, interval r.o, 4 figures. 



Watson, Proc, Huy. Sor. I.tmdon, 94, 204, ryi8. 

;v 0,05 Lo .v a.oo interval 0.05, 

iv 2.0 Lo ,v H.o interval 0.2, 
4 decimal 



7[* Tf 

7^(a)i - - IVi(a). Denoted G'C) and G'_i() respectively. 
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- Y a (a) -I- (log 2 - y)J a (a), 

2 

,/WV Denoted -K(rt) uiul 



Tables of these six functions arc given in the .11. A. Rqmrt, i<ji6, us follows; 



From a 


1.0 (X 


Interval 


i 


50 


i 


So 


IOO 


5 


IOO 


2OO 


10 


200 


/IOO 


20 


400 


tooo 


!i 


1000 


20OO 


100 


200O 


5000 


.S 


5OOO 


20000 


[GOO 


20000 


^0000 


J OOOO 


100,000 






SOD, ooo 






1 ,000,000 







Aldis, Proc. -Roy. Soc. London, 6-| ( pp. ai aa.i, iHi)'t; .T - o.i In x H, (i.o, 
interval o.r; ,-v - 6.0 to x n.o, inlerval 1,0, 21 ilwimul plurrs. 
Jahnke and E'mdc, Tables XI' and XII, 4 ]>li"Ts: 

;v 0,01 to x- 5,10 intcrvul 0.01, 
A: w 5.10 to a "' (i.o inlcrviil o.i, 
x Ct.o lo ;V n.o ink-rvul i.o. 

To() (9.211). 

U, A, Report, i8(/i; s o.ooi to *** 5.100, inlt-rvnl o.oot, ij dccinml 
places. 
I,(.v) (9.211).. 

B. A. Report, 1893; x o.ooi to .v s.roo, inlOrval o.ooi, 
places. 

Gray and Mathcwa, Table V, ;v o.oi to * * 5.10, intc'rviil 0,01, o (Iw'i 
places. 

I.W (9-211), 

B. A. Report, 1889, pp. 28-33; integral values of /; from o I" n, x - o.a 
to x 6.0, interval o>a, 12 decimal places, These tiililtts (in- rt-pruduca! in 
Gray and Mathews, Tftblc VI. 

Jahnke and Emdc, Table XXIV; same ranges, to 4 places, 



mi'TKUKNTIAr. IMITATIONS 217 

it;, Pint:. Roy. Hot;. London, 66, r,|2, igoo; x - o.j to x =6.0, inlcrv.il 
o.i, in decimal pliuvn. 

Jiihnki! mitl Kindt;, Tables XV and XVI, same range, Lo 4 places. 



(iray and Malliew.s, Table LV; x 0,2 Ut x ** fi.o, interval 0.2, g decimal 
places 

lUvVO (0.104) Denoted tf,,(.vV*) in table. 



Jiihnku and Kmde, Tables XVII and XVHl; x <* 0.2 Lo x 6,0, interval 
0.2, *i 7 liffttrrs. 



' (0.212), 

- ;//',(' " A-.C.V), 

Ahlis, I'm! 1 . Kny. Sur. Lnmlnn, d,|, aio 'Sa,?, iKog; ;v - o.i to .v = 12,0, 
inli'i'vul 0,1, .M drt itiud phircs. 

Julmkc and Kimlr, Table XIV; Hiinio, to <| jtlan'S. 



Jahnkti and Kindt', Talile Xlli; x 0.12 In x * 6,0, intcrvnl 0.2, 4 figures, 



i ;v, her ;v, 



li. A. Rrporl, iiju; :v " 0.1 lo ,v -* 10.0, inlcrval o.i, o decimal 
Jalmke and Kmde, Tuble XX; ,v <> o,,s to .v *" (t.o, interval 0.5, and A* 8, 
10, 15, ao, 4 dt'rintal 



. , 

kei x t kt'i' ,v, 

II. A. Repin'1, njifi; x 0,1 to .v * 10.0, interval o.i, 7 TO decimal places 
hoi' 3 iv4 bri a .i', 



bwirliei'iv - bi;i.v hi'r'a', and the corresponding kcr ami kcl 

ber ,v her' x I bui -v ltd' ,r, functions. 

Jl. A. Keporl, njifij :v o.a lo ,r 10.0, interval 0.3, decimal places. 

Uv), .S", t (,v), tog .(*), logAUv), 

C'nC-v), C\(A-) ( logC'.Cv), lu K C" n {.v), (0.261). 



B. A, Report, toifi; inlcgral values of from o to 10, ;v i.i to * - i.t>, 
interval o.i, 7 decimal places. 
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(*) J 1V )./ M 

w o.ytfoi.! J \j/ 



i.ijH"'/ 

Table I of Jahnke and Kmde gives Ihesc Iwo fimcliuns lo ,t deeima! places 
for w 0.2 l,o x 8.0, interval 0.3, and .v - 8.0 lo .v - , u.o, interval i.<>. 

Roots of /u(,v) " o. 

Airey, Phil. Mag. 36, p. 341, KJI: I-'ir.sl 40 rouln (p) with corresponding 
values of /i(p), 7 decimal places. 

J'uhnlce and Hindu, Table IV, same, to 4 decimal places, 

Roots of /if.r) w o. 

Gray and Malhews, Table III, lirnt. 50 rimls, willi i-orivspimdiiig values 
of/o(:v), 16 decimal place*. 

Airey, Phil. Mag. ;0, p. 241; Kirsl 40 roubi (r) wilb runvspondiii}; values 
of / (r), 7 decimal places. 

Jahnke and Kmde, Table IV, same, lo 4 dei inml places 
Roots of J n (x) n o, 

B. A. Report, 1917, first 10 rools, lo 6 lignres, for Ihe fi>||mviiu< inlegnd 
values of n: O-TO, 15, ao, 30, ( |o, 50, 75, ion, .>, , t oo, ,[(>, tjim, ytjo, 1000. 

Jahnke and Kmde, Table XXII, liwl. g routs, 3 decimal phucn, integral 
values of M 0-9, 

Roots of: 

(log 2 - 7)/ n (,v) -h J r,,(,v) o. Urnolcd I'M ,, o in mbi,. 

Airey: Proc. London Phys. Sue. 23, p. an,, 11,10 n. Kiisi 40 rool for 
n o, i, 2, 5 decimal places. 

Jahnke and Kmde, Table X, first 4 roots for n ~ o, t. /; decimal placw. 
Roots of; 

I'odO - o, 

I'i( ;V ) ra o. Dt'noted A r 1( fv) and A f ,(.v) in (ahliu 

Airey: 1. c. First 10 roots, 5 decimal place*. 
Roots of: 

/o() d: OCR 2 - 7)/ () (, v ) + J r n (. v ) o. Denoted 7 (1 (.v) i J f B (.v) - o. 



ff) -I- (log 2 ~ 7)/,(.v) + r , C . v) m 0< 



v u jr o. onn- .v - a* - o. 

) d, (log 2 
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Airoy, 1. i'. l''i">l 10 nintu, <; ilrrinml phices. 
Rootti uft 

./,,n(.v) /,,(*) 
./(.v) -l "Uv)' ; '' 

Aircy, I. <'. l-'in-.L 10 runis: n <, ,| diTiiiui! pliuxw, n ^ i, 2, 3, 3 decimal 
pliia-s, 

jdlinkt' and Kindr, Tnblr XXV, lirsl, j; mots for // =, o, 3 for ;/. r, 2 for 



Aircy, 1. f. i^ivrii mots itf smnc nthcr iN|imfuniH involving llesHtsl's functions 
it with Mir vihnilinn nf riinilur pliilt'H. 

Routs of: 



Juhnko utiil l-'-nnlf, 'I'lilih- XXVI, lirst h nmlK, ,\ decimal places, for 
V"0, i/a, i, .!/.(, a, s/- 1 : /,' i.j, i..s, a.o. 

'I'dliU- XXVIII, lir-il runt, nnilllplicil hy (/ .. i) for k " i, 1,2, 1,5, 2-11, 
"j, ;Wi (o; i' fiiiur tisi uliuvr. 

TiiliU 1 XXIX, lin.t ,| ruuls, multiplied by (k - i) for curium irmlimwl values 
of A-, and c o, i, 



X. NUMERICAL SOLUTION OF 
DIFFKRliNTlAL KQIJATIONH 

llv F. U. MUUI.TON, 1'n. I)., 
Professor of Astronomy, Univmily nf CIiu-itRu; 
Research Asstwialc of (Ins CtirurRie Iiistilulhn i>J MWmi/r/fW. 

INTRODUCTION 

Differential equations arc usually first eiicoimli'ri'd iit Hit- liniil chapter of 
a book on integral ailcuhis. The methods which art- llicrr K'IVHI fur solving 
them are essentially the same as those employed in the ralcnhiii. Similar nii'lhodtt 
are used in the first special work on tin 1 subject, Tluil is, nmnrrmri lyprs nf 
diffcrenlial equations are given in which the variables ciui in- M-paraled by 
suitable devices; little in 1 nothing is said ahinil, llir rxi*ii'mr tif snlutiuiiK o[ 
olhor types, or about motlmds of tinding llir milulimiii. Tin* fiil'.t- iinprcwiou 
in often left that only exceptionally cun dinVrnilml rt|im(inii!i lit- wilvrd. Whiil- 
cvcr witisfucLion there may 1m in learning tlml sniiu- pruhli-nm in Kcunicli'y and 
pliysics lead to standard forms nf difTcivntiul rqiiulinns is nitnr iliun t-wm un- 
balanced by the discovery that most praclical prnlili'ins tin nut lend lu mich 
forms. 

10.01 The point of view adopted hen; and tin. 1 methods wliirli urc drvclopml 
can be best understood liy considering lirnt tumir simpler mill lictlrr known 
mathematical theories. Suppose 

I. /'(.V) X n !' il|.V" ' "!' ..... 'I <l n l.V | tl n r. O 

is a polynomial equation in x having real cwflicirniH di, tii ..... n n . If n in 
i, 3,3, or 4 the values of x which satisfy the cqnalimi can lie rxpir^cd us explicit 
functions of the coefficients, If // is gronlcr limn 4, fnrinuliis fnr Mir Dilution 
can not in genera! be written down. Neverlhelew, it is pu^ililc in prove llml n 
soiuLlona exist and that at least one of ihem is nml if /* is odd. If Iht* cot-flick-ntH 
arc given numbers, there are straightforward, Umtigh sunu'whut lidmriou**, 
methods oC finding the solutions. That in, even though genend fnrmulits for 
the solutions are not known, yet; it is possible both in prove Iht' rxinumu* tif Uic 
solutions and also to find them in any Hpediil numerluil t'u^c. 

10.02 Consider as another illualration tlie definite integral 

* 



where /() IB continuous (or t<#<A. if /?(i) ID such n function Lbttt 

r// ? 

2 1 -,#**>* sag. flVt 

dx J(X)l 
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2ai 



then I /''(/') /'Oil. It"! suppose no A(. v ) can be found satisfying ( 3 ) It 
i, nevertheless posiuble In prove H,a| the miegral f exists, ami if the value of 
(;v) is given for evrry value of .r in llir interval ^ ,v^/, it is possible to find the 
numerical value of / with any desired derive of approximation. That is it is 
not necessary that Ihe primitive of the integrand of a definite integral he known 
h, order lo prove ihr existence of the. integral, or even to find its value in any 
particular example, 

10.03 The fads are analogous in the case of dilTm-ntial equations. Those 
having numerical enelli. ienu and prescrihed initial conditions can be solved 
rcgardlrs-i of whrilirr or nol thrir variables can ho separated. They need to 
ml iffy only mild conditions which are always fulfilled in physical problems. 
U is with a sense of iclicf that one funk he can solve, numerically, any particular 
prohlrm which can hr rspin^rd in irrms of dinVmilial equations. 

10.04 This ehapler will cnnlain an account of a method of solving ordinary 
differential eqnalionri which \A applicable lo a hroml class including all those 
which ariiu- in physical prohlrnni. A largramounl of experience has shown that 
I ho melhod is very n.mcnienl in pntcliee. ll must, hr understood that there is 
for it an underlying logical haMs, involving retinements of modern analysis, 
which fully jnntilie:, ihr prorrdure. In other words, it can he proved that' the 
process in capable of fumi-ihiiig the solution with any desired degree of accuracy. 
The pmofji of ihr.e fat Is hrlong to ibe, domain of pure analysis and will not he 
(jivim line. 

10.10 Siiiipniiu'ii Melhnd of Computing Definite Integrals. The method of 
solving dillerrntial equatiou-i which will hr given later involves the compulation 
of definite inlrgnil-i by a special piorrsti whii'h will he developed in thin and the 
following tiiTiionx v 

l.rl / be thr vaualilr of hilr . 
|.;i;iliini ( and consider the ttrtinitr 



/' 



i. 



/./(/ i//. 

l/H 

This intrgnd tim be inleipirlrd 
an the urea between the /-iixh and / 
the curve y -,/(/) and biiumlcd 
by llm wdinale*/ - <i and t - A, 

divide the iniervalti : / /* up into 
n equal parts, earh of |t<ng|li // - 
(/; - (*)/, Then mi iippruxiniale value of /' i? 




T!UH IH the sun) of riT 
10.11 A more nearly 



yi* . . . -f yO. 
whose orditum^, figure r, are )'i, yi, . . . , y n > 
value can br olitauu:d for the first two intervals, 
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yni 3'ii ?BI iiul finding the area between Ihe /-axis and lliiu curve and bounded 
by the ordinutcs /o and ft. The equation of the curve is 

where the coefficients , HI, and are di'lenninnl by the conditions that y 
shall equal y , yi, and y a at / equal lo / u , /i and / a respi-clively ; or 



3'i - 



It follows from these equations and / a /i i > /i - / // thuL 



The dcfiniLc intof'i' 



Jh 



/o 

which becomes as a consequence of (, 



'in I MI// -I- '' i/-.//' J 



10,12 The value of llie inU'ffi'til ovt-r tin- next l\vn intcrviihi, ni p frmn / a In / 4| 
can be computed in the same way. H n i i-vi-ii, Hit: iqipni.xiwuU' valur uf iho 
integral from / to / in Ihercforc 



This formuln, which is dun to Simpson, KIVI-H rt'siilts wlurh itiv ustmlly rntttii kably 
accurate considering llm slmpliclly of ihr iirllhiiirlical npt'ialitiii^. 
10.13 If a curve of ihp third decree liad lu-i'ii passrd tltntiiKh llic ftmr pninls 
yn, yi, ya, and yn, the inle^'al ntnTspundin^ lo (,|), bul ivor the lii-L 
intervals, would have been found to liu 



10,20 Digression on Difference Functions, For Inter work it will bt' 

Lo have some properties of the auccciwive (HffcrciiL-^ of Hit- vulut-s of ti function 

fnt' (>rill(lll\7 urtnr>r>rt vnlii/iu /if !i<t n ,.,.,,., -.,.,1 
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A|\'i \'i - j'n, 
A,y ;1 vj - y,, 

Al.V VM V,i I, 

These are llie first ililTrrruers of tin- values of the funrtion y for successive values 
of /. All tin- silt vi-ssive intervals for / are supposed lo lie equal. 

10.21 In a similar way the m-rond diliVrences are defined by 

AjVj A|Vy AiVi, 

10.22 In a nindlar way third diliVivnerM an- delined hy 

A.iV,, AaV.i A'jV,, ,1, 

*...., 

and obviously the protein um he n-pralcd us many limes as may he desired, 

10.23 The lultlr nf Minrx.ivr tlllirivnn'rt tan he fiHined conveniently from the 
lulmliir valuru tf ll- lunt linn mid i an be nrran^i-d in a table as follows: 

I 

v Uiv Anv 



In tiiiw lulilr (In- inuutirtH in ruth mlmim are subtracled from those 
imimuliitU'ly lirlnw Ihi'iit ;tntt lln- muuindtTs tin* placed in the next column to 
the rl|{hl. on tlir Mimr Hm 4 u* ihc iniittifiultt. Vat iations from this precise arrange- 
ment t'imid In-, and imlm! ufim havr Itmi, mlttpt^l. 

10,5li A very iniptirtiinl udviinla^ df lahlt- nf dilTereiices itt that it IH almost 
sure lo rt-vcid any riTurs lltul may huvi- Hern romniillt'd in computing the y,-. 
H ft niiijKlt! y, hii^i an error *, it fitllnwn from 10.20 llmt the* first difference Aiyi 
will coiilnin tht- rrror I c tinil A>y,n will contain the error -. Hut the seco-" 
differcncwi A^y,, A?y, M , niul Ajvj 3 will rontftin the renpeclivc errors +e, 
-H, SiniHnrly, Hie ihird tliikrcitcpji A 3 y, ( A 3 y . M , Ajyt-n, find A 3 y(.|. 3 will f 
the rwpcciivc tfrruw -i-c, =-,$*, i-,^ ( e. An cmr in a single yt afTccU./ -r * 
differences tif order y, and the t'ucffiricnlo of the error (ire the binomial coeHl- 
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numbers in the various difference columns urn /rro. Now in such functions 
as ordinarily occur in practice llie numi'iieul values of the dilTcrairc-s, if (he 
inlervals arc not Loo ^reat, decrease willi rapidity tmd run smoothly. }[ an 
error is present, however, the differences of holier order Itmniui very inv^nlur. 
10,25 As an illuslration, consider tin; fimdion y < sin t- for / equal lo T.O", 

15, The following table- gives Hut function uml ils suca-ssivi: dlffer- 

cnccs, expressed in terms of units of the fourth deciiuid: 1 

TAIIM-: Jl 



t 


sin / 


A, sin I- 


10 


i7V 




15 


2588 


fie 2 


20 


34 2 


8,^ .! 


2 5 


4226 


8of> 


3 


5000 


77^1 


35 


S73 fi 


73 () 


40 


(1428 


(nja 


IS 


7071 


('13 


50 


7(1(10 


S'^J 


55 


8igi 


s,u 


60 


8(1(10 


'|f*0 


6S 


()o(>3 


'l"3 


70 


( J3!)7 


33-1 



Ay AIM I 


A;| Sill / 


''JO 




3(1 


-fl 


1 \\>' 


ft 


' -,fi 


- (1 


'l-l 


- (1 


'IU 


5 


1 -M 


s 


t|h 


4 


(u 


- 4 


(id 


-A 


ft.) 





Suppose, however, that an erntr of Lwu uniln luid lirt-n niudi- in drtrriiiiniii({ 
the sine of 45 and that 707,^ had licen taken in plan- uf 7071, Tlii'ii the pint 
of Ihc table adjacent to tins number would Imvr Iti-i'n Ihr ftil 



TAMI.K TIT 



i 


win/ 


AI sin 


Ay sin / 




25 


4220 








30 


5000 


774 






35 


57.tf - 


7.1'> 


-<H 




40 


6428 


ttOS 


-44 




45 


7073 


fi4S 


-47 




So 


7660 


57 


- S H 




55 


8191 


S3 1 


s*. 




60 


8660 


|()0 


-(13 




fis 


9063 


103 


-ft6 





.i sn 



u 

i L J 
.1 

- 1 1 

-[ a 



The irregularity in the numbers of Ihc latit column shows the existence of an 
error, and, In fact, indicates its location. In the third differences four numbers 

1 Often it Is not noccaanry lo cnrry along the dodmal mid /cwa tw ihe left of tlio Aral 

BiimlficanL fiiruro. 
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will In; al'lVi'U'd liy un r-rror in the vuliic of [lie function. The erroneous numbers 
in Ihi! las! column lire rlrtirly tin; smmd, third, fourth, and firth. The algebraic 
sum of Hirsu four numbers equals Hie sum of the, four correct numbers, or -18. 
Tlirir average is -4.5. Himce Hie cenlral numbers are probably -5 and -4. 
Sinn! Hit- I'lTorn in Ibcse munbeis art: - --\e and -|.^e ( it follows that e is probably 
.(-a, Thf errors in the second and fifth numbers an; -|-e and ~ respectively. 
On making \\ww ronrcliims and working buck Lo the first column, it is found 
llitit. '/o'/.l nlnMil'l In* rrpliirt'd by 707 r. 



10,30 Conipnlivliun of DtH'inilt: Inli^ruls by Use of Difference Functions. 
Suppose tin- vuliu's f /(/) uro known for / . /,,,,, /,..,, /, mid /,.,. Suppose 
' 



it is desired In I'md tin 1 i 

'/M 



The roi-nirirnlrt /I M| /JI P // a , iind /M of Mir polynomial can lie tletorminod, as above, 
so th:il, llu- funclioit 

a. .V/',i I' /'.(/"/,)'! /',(/- /,.) 9 -Matt /)' 

Kliull lake llu'sniiu' vabirs UH/(/) for/ .-. / , a , /.,, /, and /, ltl . 

With this uppro\itiialion lo tin; fuui-iion /(/), the integral becomes (since 

/ (1| i - / - //) 

3- /.. - 



Thn nmfiirirnlrt ftn, /'i, /'a, and l>-,\ will now b (?\prcsHC(l in terms of y^.^ Aij' 
fi, ami A;IV H ,I. 1 1 follows fntm {^) ihut 

,v,,, 3 ^ /I,, - ay/ -I- 4V/* - Ma//' 1 , 
.VM-I -Au-M-l-M'-M 8 , 

J'n " /'il, 

.V H |I AH + /f|A + M 3 "H W 3 - 

Then it follows from the rules for determining the difference functions that 

( Aijv-i * b\li 
5. 4 A,,v n - A,// 



> 

?. A.1J... m, MJl9 
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It follows from tlic last equations of thru: four si'ls nf ri million;; Unit 

^ ,v.in - AI.VHHI 



8. 



hill Ai;Vn| 
i ii T i 



() 



An)',, HI 



Therefore the iiiLe^nil (3) 



The coefficients of the higher order terms 

F 

,- respectively, 



II) 



il AI,V,, ( I urc - and 



10,31 Obviously, if il. WORI dt'sirrd, the inland frmn / -.1 in / i, or tivcr any 
other purL of this interval, could liucmnpuU'd hy llitinanu- iiu'lliods, l-'orrxiunpli!, 

the integral from /. i Lti / is 



NUMMUH'Al, II.M'NTIUTHlNH 

10.32 Consider first the application of Simpson's mi-llmd. Suppler it h re 
to find 

/ / sin / (// '' - ens / - o. t V-'V- 

./" . 4<C ' 

On applying 10,12 with the iiunilit'M liilcru from Tabh- I, il is f.nmd thai 

f[ '- [-4226 -I- 2,0000 -! i.i.)'/.i I a.jtfta -( i.-|i^' I .(.0(1.10 f .SioiJ, 
which becomes, on reducing 5 to nidiinw, 

agreeing to four places with the correct wtull. 

10.33 On applying 10.11 (|) and omittiiiK nllernalt' culries in Tabh' U, it is 
found that 

>i..n rt 

. , ,. TO 






[.^aafi -h 3.394.1 ( -7'/i] 



which is also correct to (our places, These formultus coulil hardly he Hiirpnssctl 
in case and convenience of nnnllrntitm. 
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10.34 Nnw niwiidn* Ilif application of 10.30 (o), As it stands il furnishes the 
integral over thr r.incJc inlerval / in /,,. If il is desired to find the integral 
from / In /, ...... Ilif formula. for doing so is obviously tliu mini of m formulas 

such us (i)), I In; value of tin- subscript going from n -\- i to n -\- m -\- i, or 

. H 



/,, // vu, i I ..... I- y ..... u Ai.Vnni' ..... -I- Ao' (l | m . 

i I- . ... I A:,v ....... i) ' (A^vnn-l-. . . . -I- A s y MwH )-|. . . . - 

r.i / -'-I \ / J 

On iiplvinK Ilii' 1 I'ornnilii lo llic imiiiU'r.s of Talili! I, it is found tliat 



M -I- .05K()-H. 0531) 
- ,0054 !- .0058) 
| (.oi>oo ! .000(1 -j- ,0006 -|- .0005 -|- .0005 -|- .ooo/|)3 

- O..U-!'/, 

OK'iiiK I" f" 1 "' I'lit'' 1 '' 1 wilh I he rxiicl. vuluc. When u table of dilTcrenccfl is at 
htmd nivrriiiK Hir ttt-siivil ruiiK** thin nu-lhod invtilvos the nimplcst numerical 
(t]ti>i'iilinns. Il niUitl In 1 nnlnl. howt-vrr, lliat simie of tlu; rctiuired differences 
ncusMilutt' a litHHvlcd^' of I he viilut' of llic funrlioii for ciii'Her vtilueB of the 
nrguimwl llitvn llir lower limit itf llu 1 inli'Kral. 



10.40 Rrdiurd l-'nrm nf tin- DilTrroniml Kqiuilions. DifTerenlial equations 
which urine frnui physical prohlcms usually involve second derivatives. For 
exumpU', lln* ililft'iviilial niimluin siiiislied hy Ilif motion of a vibrating tuning 
fork IIIIH the funii 



where k IH a coiislunl depending on the tuning fork. 

10.41 The differential rqimiiniw fnr the motion of a body subject to gravity 
and a retardation which is proportional to its velocity arc 

t/'.v il.v 




where e is a conninnl dupi-mling on the residing medium and the mass and shape 
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10,42 The differential equations for the ninlitin of u body moving subject, Lo 
Llic law of gravitation lire 



10.43 These examples illustrate sulVieiently ihe types of dilYerenlial equations 
which arise in practical problems. The number of Ihe equations depends on 
the problem and may be small or ureal, .In the problem of Ihrce bodies there 
are nine equations. The equations are usually nol independcnl us is illustrated 
in 10.42, where each equation involves all Ihrce variables .v, y, and .-; llmuiKh r. 
On the other hand, equations 10.41 are mutually independent for the first does 
not involve y or its derivatives anil the. second docs nol involve .v or iis deriva- 
tives. The rif*hl members may involve .v, y, and :; as is the ease in 10.42, or 
they may involve the first; derivatives, us is the case in 10.41, or I hey may 
involve both the coordinates and iheir lii'Ml derivatives, In some problems 

, they also involve the independent variable /. 

10.44 Hence physical problems usually lead to differential equations which are 
included in the form 

fix fl tl\' fly 
" - V| (//'<//' 



(II *V 1I| , T 

v,.v, ,,,,/), 



where/ and R are functions ( the imlicated 
of equations may be greater than l.wu. 
10.45 1C we let 



Of ctmi'Me, llie number 



equations 10,44 can be written in the form 

fa ms , 

tit ' ' 

f/.v' ,, 

~ ( /7-,m'..v,tt, 



v 

;, -fi^y, *',/,/). 
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10.40 If we If! -v .v, .v' .v;,, v .v ;i , / ,. .v.,, equations 10.45 oro 

included in Uir fnnn 



This in llic titutl iilundiml form tu which it. will lit; supposed the differential 
equation;! imt ivduml. 



10.60 Ih'liiiiliim uf u Sninliuu uf hiffnviilwl KqualioiiH, l-'or simplicity in 
wppniii' llu- ilhlVivnliul t'ljiiiilions art; iwn in number and write them in 
fttrni 



wliriv / iind $ mi- known fimrliuim nf tlu-ir arguments. Suppose x a, y b 
at. /- w o, Thru 

I .v ,, 



is the solution nf (i) satisfying Ilit'sc initial additions if <l> and \j/ tire 
such fum:timih Umt 

0(0) " , 



the lust IwncfUititlnnHbuiiiRwiliHficd for all o^ ;< 7', where T is a positive con- 
stant, the iawM value of I fur wliidi Ihe solution is determined. It is not neces- 
sary that (/) and $ be given by any formulas -it is sufficient that they have 

the propcrlicM dclined by (,*)' Soluliona always cxkl t though it will not be 
proved here, Iff and R are contimtma functions oft- ami him derivatives with respect 
to ballt x and y. 

10.01 Geometrical Interpretation of a Solution of 'Differential Equations. 
Geometrical interpretations of definite integrals have been of great value not 

, ., ..,l,..i ,,,li f lli,.;,- I'j.'il mnnitinir lull nk(t ill S ' ! "~ 
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practical moans of obtaining their numerical values. The uune things arc true 

in the cast! of differential equations. 

For simplicity in Liu; ffcomclrical ivpivsenlalion, consider a sin^U- ^nation 






where x a at / o. Suppose Liu: solnlion Is 



Equation (a) defines a curve whose eoordinalesare .v and /. Suppose il in repre- 

sented by Ogiiru L>, The value of the landfill lu (lie cum- at every pnim ft 

5( in nivm by fi|iuilinn (r), for Ihero 




pair of values of .valid /which K ivt(s 
i{f , Ihe value nf (he lan^enl, when 

Mibslilnlrd in the H^ht member of 
a{ / ei|iialion (i). 

Consider the initial point on iho 
curve, vix. ,v n, I o. The tan- 

't curve licselosr lo ihe langem for a 
shorl distance from tin- inilial point. 
Hence an upproxinmle value of .v 
at / /,, /( being small, is the ordinate of the poinl when- the tangent at n 

intersects MKI line t -< /j, or 

The tangent at .v,, k is defined by (i), and a new step in the solution can be made 
in the same way. Obviously the process can be continued mi loin; as .v and / 
have values for which the ri^ht member of (i) is delined. And Ihe same process 
can be applied when there are any number of equations. While tlu< nteps of thin 
process can be taken so short that it will K iw Ihe solution with uny desired 
dcgroo of accuracy, it is not the mosl nmvenienl pronw that may be employed. 
It is the one, however, which makes clearest to fhe intuitions the imluri! c,f' the 
solution, 

10.6 ^ Outline of the Method of Solution. ('oiiHidercqnal ions 10,00 (Ound il u -ir 
Holutum (2). Tli problem is to find functions </. and y/ bavin,; Ihe propn'liw 
(2), If we integrate the last two equal ions of 10.00 (.0 we shall have 




Ihe difficulty ariCH from the fact thai, and ^ urn not known in advance and 
the mtograls on the right can not be formed. Since </, and $ an< the solution 
values of x and y t we may replace Ibum by the hitter in order to preserve the 
oricmal nninhnn nnrl - ii..,> 
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2. 



If .v and y do not change vapidly in numerical value, thon/( ; v, y t /) and f>(x, y, l} 
will not in general change rapidly, and a first approximation to the values of x 
and y salisfying equation:; (y.) is 

. -i/.|. /(rt,/j,Orf/, 



3- 

Vi 



I /(I 



at least for values of / m-iir /,ero. Since a and /) arc conslanls, the integrands in 
(.i) arc known and Ihe inlegrals can be computed. If thi; primitives can not he 
found llu 1 inli'Ki'alMcan he nmipulrd hy lhomi;Miodsof 10.1 or 10.3. 

AfU'r 11 lirsl upprnximalion Ittis hi'tm found a sunind approximation is given by 



The integrands arc again known fund ions of / because .ri ami y t wore determined 
as functions of / by eqnalions (,0. Consei|iicnlly .v a and y t can be computed, 
Tlie process can evidently be repealed as many times UH is desired. The th 
a])pi'o\iniation \r\ 



/ /'' 

V,, - i (I |- / /(.V,,,!,}',,..,, 

i i/ii 

| /v 

V.. "/''I' I K(>Va*,y n !, 

V */d 



There i no dilliculiy in rarryinK mil the process, hul the queslion arises whctlier 
it converges to the snhiMnn. Tlit- answer, first established by Piciml, is that, 
us H incix-ases, ,* nnd y,, lend Inward Ihe solnlion for all values of / for which all 
the approximations belong in those values of .v, ;v, and / for whieh/and ^ have 
the properlicrt nf cnniinnily wilh respect to / and differentiability with respect 

to ,v and y, If, for exumplt-,/ : : .,' and the vuUiu of .r,, tends towards xero 

for / ^ 'l\ Mien Ihe solulion can not be exlended beyond / T, 

It in found in pniclice thai Ihe longer the interval over which the integration 
is exiemk'd in the successive approximations, the greater the number of approxi- 
mations which nuiHt In; miide in order to nblnin a Riven degree of accuracy. In 
fuel, il is preferable- to lake first u relatively short intorval and to find the solution 
over this interval wilh the required accuracy, and then to continue from the end 
values of (his intervtd over n new interval. This is what is done in actual work, 
The details of llu- most convenient methods of doing it will bo explained in the 
aucceudmir sections, 
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AaAV .n, Aa-v,,. a , A ; ,v,, and A;,,v,, vary. For example, in Table II it is easy to sec 
lluil A !t sin 75" is almost cerlainly -3. It follows from 10.20, 1, 2 that 

Ai,.V H .|.i - Ag.V l(H -i- A,.V N , 

A,.v H |, - A.;v,, , H- A,;v, ( , 

Afler Ihi! adopted value of AJ.V,,,, has been written in its column the successive 
entries to the left can be written down by simple additions to the respec- 
tive numbers on the line of /. l-'or example, it is found from Table II that 
A 3 sin 7,5" - - 7-'. A, sin 75" - > son, sin 75 -.-, 9059. This is, indeed, the correct 
value of sin 7.s" to four places. 

Now having rxtrupoliilwl approximate values of x n . }ll and y, H ., it remains to 
compute. /and ,; for .v . A-,,,.,, v M . VH| l( / T , / n|l . The next step is to pass curves 
through Ihe values of/and ,i; for/ .- /,/,/ .,,... .and to compute the inte- 
grals (;)). This is the precise problem that was solved in 10.30, the only difference 
being that in that section Ihi: integrand was designated by y. On applying 
equal ion 10.30 (o) In Ihe compulalion of lint integrals (2), the lallergive 

' ! ' ' ' " 24 ' " ' ' ' ' ' 



f /'HI ' '/(*'" I h 3'n 1 1> At M) i 
I ,1>HI l! " C.VHMi.Vn|.|,/i.H). 

Tlu; right members of ( ( |) are known and therefore ;v M i and y B .,.i arc 
delermiiH'd. 

II, will be rt'falied tlml/,, t i and /f, M( were computed from extrapolated values 
of.vn and t v,,,,, and hence uiv subject lo some error. They should now be re- 
computed with Ihr values of .v,,,i and v,,u furnished by (4), Then more nearly 
correct valurs of lite i-nliiv right membi-rs of (4) are at hand and the values ol 
.v,,n ami .vn should be correc.lcd if necessary. If the interval // is small it will 
not generally be m-ci'sunry lo fonvcl .T IIM anil y M . Bui if they require corrcc- 
lions, ibt-n new values of/,,n and j;,,|i should be. computed. In practice it i? 
advisable lo tuke (lie interval // so small that one correction IO/.H.I and g tt }-\ if 
sulVicit'iit. 

Aftt'r.v,,!! and y nM have: been obtained, values of x and y at t n .w can be found 
in precisely ilu; Maine manner, and the process can be continued to / / B . h i, t^, 
. , , . If the highi'i- dilTercnccs become large and Irregular it is advisable to 
interpolate values at, the mitl-inlm-als of the last two steps and to continue with 
nil interval half as great. On the other hand, if the higher differences become 
very mall it is advisable to proceed with an interval twice as great as that used 
in the earlier part of the compulation. 

The foregoing, expressed in words, ttcems rather complicated. As a matter oi 
facl, it goes very simply in practice, as will be shown in section 10.9. 
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10.8 T\w Start of the Construction of lht< Solulioii. Suppose tin- dijiVrcnli'il 
equations are again ' 

dlx ... 



ill. 



tr^v), 



with the initiiil conditions x - , v - /nil / o, Only llir initml vain,., n f v -m.1 
y are known. Hut it follows from (i) Ilia! llir fairs nf ,],,;,. ,,f i( ail)1 v ,', ' 

iU'/( ( / l A,o)iimU'(,/. p o)rrs]Krtiv(!ly. Cniisninrnlly, liiM ii|tpf..xitimfinii.- in 
values of x ami 31 at t .= /, ,; //arc '' 



Now it follows from (i) Hmi i| lt . nilcs ,,r , I,,,,,,;,. M f . v Im ,| v a , r . v 
/ - /, lire ap|)i-oximim-ly /(.r.d, .v.d, /,) and ^(.i-.i'i, v,'". /,). Th,-.-,,. rat',-!' ' wil j j,',! 
diflurent fri)in Ihosc at \\w \w K mn\n Kl un.l llu- avr.it,.,- mi,,, ,,|* ,!,,,,. fnr ,, 1(1 
first mtrviil will | H! nnirly ih, av,n, )( r f llu- ralrs u ..... - i,,.,.!,,,,!,,,, Iln(i , [lu , 
end f UK: inin'val. Thnvfoiv rlnsrr up|irn\iiuitti..iis Ihm, il,,,.,,. r i vrn iu , ... 
the values of A- and y al / .-- /, arc ' 



The process could l,t> r.-pralnl on ihr lirM inlrrval, l.ui il i,',,,,, ..Ivi,;,!,!, wlu-n 
the inturval is mkwi as short :IM il ttliotihl In-, 



I \ ulliM 

ll .) u v l l /,)n.H,H-|lvrly. Cun,, (| u,n,lv, 
the values of .r and v n( / / wlii-iv t, t, - i,, ,,,v " 



V, 11 ' - y,'-') l/iK(.v t w\'tf'\t t ), 



. Sinn- 



J .. 1( -. nn- 
, n known, H follow.s (hal A^. ^; ^,. mt \ ^ m M , MI k||nwn 






' 



u ," "T 

boll, U,o Btcl , 8 whicll muat , )0 takcil n|u , 
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amuiRinK the work. A convenient arrangement of the computation which pre- 
serves a complete record of till Ihe numerieul work is very important. 
Suppose Ihe dili'crenlial equation is 



tFx 
.If- 



I Hi. / .-: 0. 



Tin- prnhlem nf lljc motion nf a simple pendulum l tikes this form when expressed 
in suilable variables, This problem is chosen here bi-cuuse it has an actual physi- 
cal inlerprclalion, because il can In- inlejrrali'd otherwise so as to express /'in 
terms of ,v, mid lienmw ll will illuslnile sullicienlly the processes which have 
been explained. 

lunation (i) will lirsl tn- inletfraled so as to express / in terms of ,v. 

On nmlliplyhiK Imlli sides nf ( t ) by ..^ and inle^rutinfi, it is found that the 
inli'C;i'ul whicli sulislics Ihe inllitd condilions is 



On separating Ihe variables this equation /jives 
3- / 

Suppose 3 : i and lluil (lie upper limit .v does not exceed unity. Then 

1 i ., .1 i <; 

<t. t . . ' ' - v I ; K'.V' ) /iV !- .... 

Vi ^'.v- J W id 

where tht- righl inembei- is u converging series, On substituting (4) into (t,) and 
rating, il is finmd lhat 



5- 



Wltcii .v - i this integral becomes 



f , / 



* 



IV *. P -T,' !--!-5)V + 



a/ \J--|/ ' \3-4-o, 



Kfjuiuiim (5) Hives / for any value, of x helween ~i and -l-i. Hut the problem 
in to determine x in terms of /. Of course, if a table is constructed giving / for 
many vitlues of ,v, it miiy lie used inversely to obtain the value of ,v corresponding 
to any value of /. The labor involved is very great, When K" is given numerically 
it is simpler in compute: the integral (,0 by the method of 10.1 or 10.3. 

In mathematical terms, / is an elliptical integral of x of the first kind, and the 
inverse function, thai fr, x us il function of /, is the sine-amplitude function, which 
has ihc real nurioil A']\ 



236 MATiri'lMATirAT, I''OimUM>; AND KU.U'TIC I'imiTI 

Suppose ,<< ~ i and bi ;V M Ml. Tlu-n equation (i) is rquivah-nl u, the 
two equations 

ftlx 



1 !& . , 



i//- V* 1 - 1 "' 



which are of UK; form 10.60 (i), whriv 

/'-.v, 



. 

[/!" 'VM 
and a~ o, y -. c at / :-. o. 



The first step is In ddn'mim' Liu- iuirrvul which i* lu I,, ,,.. ( | | M ,],,. ,.,.,, , 
the HoluLion. No ^tncml rulu I'nn hf K ivrn. Tin- liuvrr /' imd r ih ' n 
must the InU-rval b, Cnkrn. A fairly M oo,l r1r is in ^nrnd ,u ,,^. A "Jj'""" 1 !! 
that _/// and % sh,l] nnl b, ,,.,,,- ,] mi , tffl , (J Urn,,, tlu- i.rrn.is.ihl, n ,,' (r in 

1 I 1 III HI [ |M> 



rcRiilts. In Lhi! jiresonl inslitntr \w may lulci- // . . o i 

..... """"'""' ......... '' 



II fiillowa from (H) ami UH-HO vnhiw of , Vl itiul v, Unit 



nco llu) more nearly corruc-l vahu-s uf .v, ,! v,, whirl, *!. hy 10.8 (.,), 

A','"' - | - ^ [j.OCKK) | r.(KKK.;| -- 0.100O, 



o- r r 

. p.oooo 



Since in thto particular im.lik-m .v /'v,// Ji ;,- 

; 



UHljfini, H hi (IWH froill M (H^ frn^ n.l f t ,\ 



that a Jlmt appmximtitioiv to the vnhic of y ai / 1 /, 1 Ot 

to ' "" '077- 
)> the first trial y-iablc is coiwirutaed ati 
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'''ii'wl Trial y-Tahlu 
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. __ 


y 


. 
A,y 


... 

A,v 


u 


1 ,Ol)OO 






, 1 


')i).!,S 


.0075 






-')'/ 7') 


,0 M<) 


--0074 



Sinn- y / il MI.W Mlmvs IVnm I In- first. n|milioiisof (n) and 10.7 (4) fovw 
[lint an a|>pi'nMniiilr vdliif of .V;, i:i 



,Vj '" (l.KHKi 



in 



;;.0i,|) 1^,0074 



Willi Mils vuliirnf .v,il iiifniiinll'n.inilirsi'ruinlof (N) |.lmi Kt ; , . 29Oti T 
' lirnl trial /; inhlc n.nslnu u-.l from Mu: viiiiu-s of .j ul, / , O.T, o!a, is: 





l-'ir.st 'I 


rial A ...TnliUi 




' 


i; 


A i/,' 


A* 


u 


,1HHH) 






, t 


. I-jl)" 


.I.1U.O 




.< 


. 'ijt) I 


- -.i,|ii 


.]..oo 7 



Then tin- iuvnhil eqimlinti uf 10.7 (.() wives fur n i the num; tu-ady correct 
value (if vj, 



, 

Va - 'I'J-'fi '1 






.,!i|OI 1 ( .1 ( |I[ -.-;. 0071) 



- ,()70j;. 



Tliin viilue uf \ t ,lmuM replace the last entry in the firm trial y- table. When 
thin i* tltnie il v\ fniuttl lhal & t y f ,ojjo, A-j.Vg .- -.0145. '''hen thu first equa- 
lion uf 10.7 (.|) ^ivt'ii 



IJ 



.01.15 



.1983. 



Tin- nuiipuliili.m IK imw well started allhmitfh .v lp y, ( .v,, nnd y t arc still subject 
to nielli ci'i'iir?', 'I'lie vttlmr.i uf ,vi am! y, liiu bi* t:om:cleil by applying 10.31 for 
- [. (1 is iH'tVwiiu'y firsl lu i unipnte a inttiv nearly cumTL value of ^ by using 
tin; vttlue (if ,i-j jjivrii in (15). Tin- result is ^ >-. 2896, A t fr -.1406, 
I ,ooH f |. Tlifii ill* 1 su'itml eqvmliun uf 10.7 (,|) wives 

i , i 

.Jhitft i .laod - .0084 

' " i 'i * 



ifi. 



9705. 



t'in^ whh li,|K Thin vulw i*f y a is UicruforL* L'sst'iUiulIy iHirretl. An applica- 
llon of 10.81 tltcM fii 
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after which il, is fmind llmL^, --- .148(1, A,, .i.j.Sd. Now Ilm lirsl, trial v-lahle 

can be corrected by using Liu; value of y, jriven in (i.|). The result, is: 

Second Trial v-Tnblc 



In order Lo correct, .v-i and y* by the sunn 1 melhod, whieh is itir mnsl nnivriiirut 
(UK; l.o follow, il. is necessary Ursl looliluin aii|)ni\iniii,li' viilucji uf ^.juid v.,. Th,. 
trial fl-labl ran In- atmicli'd hy conipnliii)? i; with flu- vahii's i.f .v nivcn by (,y) 
and (15). 'riiuiiLliuliiHif(ir^ninl)i't'xlni|iiil[iinl. 'I'lu- rrsiiltHan-; 1 



.,1 



A 



Then the .second equation of 10.7 (,() ^ivcs lor // 

i 



l8 ' 



-970S-I 



When (his is added In the second trial viable, il is found ihat 



_ Now .v. and y, can be corrected by apj.lyhiK 10.31 In the..- mimlim 
in the last line of the second (rial /(-table. The resulbi are 



and 



20. 



i 

10 



A 
i j 



the prohminary work is linisluM .uul .v and y have brn, dr.,r,nin t ,| 
.i, and . 2 with an error of probably not more Lhn.i nnr tniii. in ihr lasl 
the proecsH is r,ad over it may smn somewhat complin.led, but ibis 
bcaume on Ihe prinled pa^o preliminary vuta of (lu- unknown 



fr / - o, 
hive. A, 
i, huwly 
, nm 
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first slt-ps an- very simple tuul nui he earned oul. in practice iu a few minutes if 
lhr i-lmsen lime inlerval in nn| too tfreal, 

'l'h<- problem now mlun-s In simple routine. There are an stable a y-tablc 
(whirh in Ihr, prnhlrm srrvrs; also as an /.lable), a /(-table, and a schedule for 
compuiinK /;. It is uilvisuhlr iu use lur^e sheets so thai, all the computations 
exrepl Hie sehednle f.ir rniiipuliiiH K ^m he kt:p| side by .side iin the same sheet 
The pmn-s:; eunsUs nf ,U ; ,|,p s: (,) Kxlrapnlate a value of ^ and its 
tlilTfrrnirrs iu lln- i; tiihlr; (.1) n.nipulr y,,,, by Uu; smmdajimtion of 10,7 (]) 
(,0 rulrr I In- n-Milt in ihr y lublr ;uul wrilt: ilnwn lliu differences; (4) use tlicsu 
irsulls In n.mpuir ..,, M by Ilir lirsl rqualum nf 10.7 0|); ( s ) with this value of 
.I'H.coinpiiKv i; M ,by I lirifnMtipul ill it.ii sclu'dulr; ami (6) correct tho extrapolated 
value nl' i;,,i i in Ihf i; lidili 1 . 

Usually tin- rnmriinn Iu .,;,, will tint Im Kn-at enough to require a sensible 
ronvrliim iny. 1|t - HH if ;> ''..mTliun is ivquiivd, ii should, of course, be made. 
II fullmvs from ih>' mir, : i,iiiu,i funnnlas 10.7 (,|) and llus way that the diJTerence 
iii mv fnnurd IhiH an rrn.r t in ,;, i(1 pnuluces the error }//<; in y n} . ]} iw( \ 

.|.l /,'(.;. | L J H never advisable to use HO large 



ronvspnndinu nrur in .v, )( 



it value nf h dial ibeermrin . V(1| , is apprt-i iablc. On Hie otherhand, if thedilTcr- 
I'wrji iu Ihc j; lablr and tin- y liible hn-tunr so small thai the senuid differences 
are iiiM-in.ible Ihr itilcrvitl may be dunbled, 

'I'he iulli.wiiiK lublr, '.limv (lie tenidls of tlu; eonipulations in this problem 
Vi'diued fium live lu fnur plan's. 
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As has been remarked, large sheets should he used .so (hat Hie .v, ;v, and tf-t 
can be put side by side on one sheet, Then (he/-eolumn need lie writlt'ii but oneo 
for these three tables. The ^--schedule, which is nf a different lype, should be on 
a separate sheet, 

The differential e<|uation (i) ban an inU-^iul which hmnm'n An- /v'- : . s I 

. ilx a 

and ^ - y. 

21. 

and which may be used to clieck the cnmpuUilHw bn'misr il must br siuislird tit 
every step. It is found on trial that (at) is dalislinl In within din- unit in iho 
fourth place by the results given in the foregoing I ablcs fur cvrry vahit' of /, 

The value of / for which x T mid y < o is given by (n). Wltt-n '-' . . ^ \\ : is 
found that T -* 1.^541. It is found from the final ,v lablc by intrrpnlutinn based 
on first and second differences I ha 1. v rises lo ilMiniiximiiiti unily I'nralniotit exuetly 
this value of /; and, similarly, that y vanishes for this value of /, 
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BY SIR GKORGT; GRRKNHILL, F. R, S. 



INTRODUCTION TO THE TABLES OF ELLIPTIC 

FUNCTIONS 



By SIR GKOKGK GREKNHIIX 



In the integral calculus, /"-%' and more generally. fMLl 

J VA J P 



_ P + () vx ' 

whore M, N, P, Q are rational algebraical functions of at, can always be expressed 
by the elementary functions of analysis, the algebraical, circular, logarithmic or 
hyperbolic, so long as the degree of X docs not exceed tho second. But when 
A' is of the third or fourth degree, new functions are required, called elliptic 
functions, because encountered first In the attempt, at the rectification of an 
ellipse by moans of an integral, 

To express an elliptic integral numerically, when required in an actual 
question of geometry, mechanics, or physics and electricity, the integral must 
. lie normalised to a standard form invented by Legcmlre before the Tables can 
be employed; and these Tables of the Elliptic Functions have been calculated 
as an extension of the usual tables of the logarithmic and circular functions of 
trigonometry. The reduction to a standard form of any assigned elliptic-integral 
that arises is carried out in the procedure described in detail in a treatise on the 
elliptic functions. 

11.1. Lcgcndrc's Standard Elliptic Integral of the First Kind (E. I. I) is 



defining </> as the amplitude of n, to the modulus i(, with the notation, 

</> am u 

K = sin (}> = am am it 

abbreviated by Guclcrnmnn to, 

* an it 
cos c/) en u 

A V(i ~ K a sin 3 4>) ra A am it dn it, 

* 
and sn 11, en , dn n are the three elliptic functions, Their differentiations are, 




L \ L dsntt , 

cos <b &<h or -, ~ en it dn it 

dn v ^ du 
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(2COH0 , , A , f/'CIl it . 

- L sm A0 or - . - Kll I/ till ft 

(lit ' (III 

r/A(/> 



71* 



, 

11.11. The complete integral over the quadrant, o < </j < , o < x <r, defines 
Ihc (quarter) pcri(Kl t A', 



making 

sn A" " i 

en A' <-i q 
dn A ... K'. 

K' is the comodulus to K, a* -\- a"* <- r, and ilut copeviod, A', is, 

./0 



ri: T 

11,12. 



sn o -' o, <-n o ' < tin, o >< r. 

mi A" T, ni A' IM o, dn A" < '. 

11.13. Lcgendre htw culouliiLed for evi-ry dt'Ki'i'i' of (?, tltt; nititlulitv tinRUs 
K p sin 0, the vahu! of /'(/) for every iluRroe in (he quadrant of thi* [ini])lilittUr 0, 
and talnilutcd them inluHTaWoIX, Fimilimw clIiptitiiu-H, 1. II, tp x oo ^ SHX> 
ciUrics. 

But in this new arrangement of the Tallin, wi> fake u - . /'</> as the independent, 
variable of equal steps, and divide it into tjo decrees of a (|umlranl, A, putting 

r 
n cK a A', r <>Q<-. 

As in the ordinary trigonometrical milieu, tin; <lc((riTH of r rim down tlu* left of 
the page from o to 45, and rise up a^ain on the right from >|<j lo uo. Then 
columns II, III, X, XI arc the equivalent of Ugt'mlre'H Tul.lt' nf /-'0 and 0, 
but rearranged so that /-'0 proceeds by equal mcreim-nts i in r, and the incre- 
ments in are unequal, whereas Legcndrt! took uqunl inLTcmcnla of ifivino 
unequal increments in n /-'0 f 

The reason of this rearrangement was the great advance made in elliptic 

unction theory when Abel pointed out that /-'0 was of the nnlurc of tin inverse 

function, as it would be In a degenerate circular integral with xcro modular 

angle, On Abel's recommendation, the notation is reversed, nml A ; m h 



INTRODUCTION TO THE TAHLES OP ELLIPTIC JUNCTIONS. 



247 



considered a function of , denoted already by = am , instead of looking 
at , in Lcgendrc's manner, as a function, lty t of 0. Jacobi adopted the idea 
in his Fundamenta nova, and employs the elliptic functions 

sin sin am w, cos = cos am , A0 = A am , 

single-valued, uniform, periodic functions of the argument u, with (quarter) 
period K, as grows from o to $TT. Gudermann abbreviated this notation to 
the one employed usually today. 

11.2.^ The K. I. I is encountered in its simplest form, not as the elliptic arc, 
but in the expression of the time in the pendulum motion of finite oscillation, 
unrestricted to the small invisible motion of elementary treatment, 

The compound pendulum, as of a clock, is replaced by its two equivalent 
particles, one at in the centre of suspension, and the other at the centre of 
oscillation, />; the particles arc adjusted so as to have the same total weight as 
the pendulum> the same centre of gravity at (l t and the same moment of inertia 
about G or 0; the two particles, if rigidly connected, arc then the kinetic equiva- 
lent of the compound pendulum and move in the same way in the same field of 
force (Maxwell, Matter and Motion, CXXI). 

Putting OP /, called the simple equivalent pendulum length, and P starting 
from rest at /*, in Figure i, the parti- 
cle ,/' will move in the circular arc 
7M/*'as if slidingdownasmooth curve; 
and ,/' will acquire the same velocity 
as if it fell vertically K2 3 ~ NI)\ this 
is all the dynamical theory required. 

(velocity of ,/ J ) 2 2#'A7', 
(velocity of A0 a a 



and with AD //, AN - y, ND 
// ~~ y, A H w si, Nil 2/ - y, 




%)-$V,y-f>(d-y)-$r, 

where Y is a cubic in y. Then / is given 

by an elliptic integral of the form FIG. i 

/' dy ' ii 

/ - Ihis integral is normalised to Lcgemlrc's standard form of his 
i/ VI 

E. I. I by putting y ~ h sin 2 0, making AOQ = 0, h - y h cos 8 0, 
zl - y M a/ (x - a sin 2 0), 



al AE b " 

K is Cttl L cc L Lhc ^ 0(llllufi ' AEn tlic modular angle which Legcndrc denoted 
by 0; V(i - K a sin 2 05 ho denoted by A0, 
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With g = l)i" y and reckoning Liu; Liniu / from A, Uiis makes 



in Legcndrc's notation, Then [he an^U 1 </> is called (lie iinipliluile of til, to ho 
denoted am nt, theparlidey'sliLrtiii^ up from .-I ut fimc/ . o; and with u ... /// 



J'A" 



Velocity of ./' ./!fl. t -n w v/fl/'- /'/*', willi an usnllalinn lu-m (1 f '/'sirniwls 
in u o/v, w a//'/'. 

11.21, The nunutrfcnl values of n, cn f ,!, tn (, K ) Hrr Ulkt , n f| , 1(|1| ft ||l|j|ti 
to moduhiK K . win (mintular aiili!, ft) hy nu-ans .f thr funrlions t)r Ar Hr 
Cr> in column!! V, VI, VJ[, VIII, hy ihc (iiiolk-iils, ' ' 



en c/\' w 
tin cA" (,' 



A'- : 





M -H /'A\ 

ThcBC 7J, A, R t C um the ThcUi KuncLuuiH <.f Jun.hi, lutrnmlk-il, l ( -ii tll ,l hy 



They were calculated from Uu: Fourier Herl M of an M l w prm-c,,lin K l.y mulllnkii 
of r, and powers of q as cocffidcntH. ddined by 



- I - 39 co a*' -I- 3f/ 1 coa 
flit af/i sin f - 39! sin $r .[. 



11.8. The Elliptic Integral of the Second Kind (E. T. 11) arose finl hliitirlciillv 
m the rectification of the ellipse, hence iho name. Will W> -7l C * 
the ~contric angle of P, and , the arc HP from * to /> alV-^n*; 
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ds 




to the modulus K, the eccentricity of the ellipse. 
Then ,<? - (7, /;</), where j^/) dtj> is denoted by 
in Legendre's notation of his standard K. I. II; 
it is tabulated in his Table IX alongside of 7<'0 
for every degree of the modular angle 0, and to 
every degree in the quadrant of the amplitude 0. 
Hut it is not possible to make the inversion 
and express as a single-valued function of ]ty. 

11.31. The K. I. II, 7<:0, arises also in the expression of the time, /, in the oscil- 
lation of a particle, P, on the arc of a parabola, as 7< 1 was required on the arc 

of a circle. Starting from 7* along the parabola 
HAW, Figure 3, and with AO = h, OB = b, 
JiOQ 0, AN = y //, cos 8 0, #7' - x ff cos 
and with 05 = a// - 6 tan a, O4' = 5J3 
== /j sec a, the parabola cutting the horizontal 
at B at an angle a, the modular angle, BRA'B' 
is a semi-cllipac, with focus at S, and eccen- 
tricity K = sin a. 




(Velocity of P) 2 . 

- (i 3 cos 3 -|- 4/* Bin 2 cos 2 0) /^Y 

w a"(i - sin" a sin 2 0) cos 8 (- : y ) = 2gy = 2/jA cos 8 
K 2 cos 3 0, 
if V denotes the velocity of 7' at A , and fM' a. Then with s the elliptic arc J57?, 

y~|-oA0-fl-^, W- j, 

and so the point R, moves round the ellipse with constant velocity V, and ac- 
companies the point 7' on the same vertical, oscillating on the parabola from 'B 
to Ji 1 . 

In the analogous case of the circular pendulum, the time t would be given 
by the arc of an Elastica, in KirchhoiT's Kinetic Analogue, and this can be placed 
as a bow .on Figure r, with the cord along AE and vertex at B. 

Lcgendrc has shown also how in the oscillation of R on the semi-ellipse BRB 1 
in a gravity field the time /- is expressible by elliptic integrals, two of the first 
and two of the second kind, to complementary modulus (Ponctions cllipUquca, 
1, p. 183). 
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11.32. Iii these tables, 7C0 is replaced hy the columns IV, .IX, of A'(r) and 
G(r) = 7i(yo - r), defined, in Jacobi's notation, liy 

./';(;) = y.\\ eK *--' /'.'</> - <-tt 
G(r) - y.n (i - <;)A', '' ; ' ')oc, 

This i.s the periodic pail of ./C0 after the secular term </',' < : ,.' //. Iws been sot 
asidt:, R denoting the comitlcLe 3C. J,. Jl, 



The function xn //, or /. in J'acohi'H noUUiiMi, or /.'(/') in our iwlalion, in 
calculiUud (nun the series, 

to n> 

y '/ "" ^n Hm 2 ""' 3 7 r -v^ / , 
hr - / V ............ ~p - .~r >^ (i/" 1 

' 






This coini)luLuK tlui u.xplaiuUion nE the Iwclvr coliuniiH of ilu; 



4. The Douhle Periodicily of the lOlliiilic Kin 
This can be visnaiisni in pendulum motion if jjniviiy in suppowd rrvri'Mnl 
suddenly at Ji (Figure T) the end of u HwiiiK! as if by Hit- addition nf u weight 
to bring the contre of gravity above (), oi 1 by lliu ninvcincnl of wcijj|lil,as in Hu; 
metronome. 'Hie point 7' Ihen oscillates on the arc ttlW, and hciilK tin- 
function to the cuni]tluiiU!iiL(try modulus K', as if in imaginary time, Iti ini 
argument nli^/K'i: and il, ruarht's I" on .LV proiluci'il, where Ian AKP' 
tan /ly^-cn (/'*, K), or tan /;.-! /" - Ian AVI/i-cn (/', K')J or wilh nl' . v 
DK! 7^-cn (*v, ') ^/V - /J/f-ni (i- p K'), wilb />;>' - />^, A7" 
WJ in ^'. 



i / \ 'hi (f, ') i 

dn(/i>, K} ; ' ,'--> -- Vfl> ... ,- 

ni(i', K') HiiCA'-t', K') 

where A*' denotes ihu {'omplemi'iilary ((|iiarteiO prvlttil lo t'onmthiluH '. 
If m, m' are any inl.egt;rs, piwiiive or nr^alivt', incliuliiiK o, 



en [>( I- /iwA' -h aw'(A" -h '/A")] - ni 
(In (?/ -|. aw A" -I- 4w7A"') dn u. 

11.41. The vVddition Theorem of the Elliptic Fuiu'tioiiH. 



sn (wdstf) ..'?. T 

- '' " . 



en (v & 7() N .!" " 

i - K* n* stii' 1 

tin (w -h if) - ^L'll: 1 :^ sri ( ' 11 
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11.42. Coamplitude Formulas, with v = K, 



tn (K ~ ) - --J-I-. tn 

K. Ultt 

11.43. Lc-gendre's Addition Formula for his E. I. II, 

./:</ /A</> </(/> /div^.^f, ydnw- 
7;0 -I- 7*;^ - Ka - a Hin sin \f/ sin <r, ^ = am v, <r = am (w + .) 
or, in Jucnbi'tt notation, 

/.n u, [ m v - m (n + p) /c 2 sn sn v sn (y -|- ;f), 
the secular part cancelling. 

Anolhuv form o[ the Addition Theorem for Lcgcndre's E. I. II, 

Ifff - 1-0 - -yl<\b - ~ 2>f3 Kin ^ COK ^ Al A si'i 2 ^ /, / s 

L<r 1.0 - *h$ - ^ ^-- in ^- si j"^ ^ - am ( - ) 

or, m Jacobi's notation, 

xn ( + ) -I- m (v - n) - 2 m v - ^^l^^t. 

i - K" sn fl - sn 8 w 

11.6. The Klliplic IntCRral of the Third Kind (10. I. Ill) in given by the next 
integration with respect to , and Introduces Jacobi's Thcta Function, OM, 
defined by, 

d log 

., .......... = / 



(o 
Infegrating then with respect to w, 

1( (. -h ) - log (, - ) - 9 

,/o i - K sir sn v 

and this Integml is Jacobl'H standard form of the K. T. Ill, and is denoted by 
- all (w, v); thus, 

rr (- ,,\ r /(a sn " cn v tln * Sl ^ a i , i i (o - ) 

11. Cw, ) / "--. ff -- rf H 4f jj n v + A O g -^ ^ . 

,/ i - x j sir v/. sir v * h (u -|- it) 

Jacobi's Eta Function, Hw, is defined by 

Hii 



and then 

r21ogHv cnwdn y , , . , 

"" " -- '" Kn ^ dcnotecl 
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so that 

on v dn v , 

....... fa 

.L i - /< a sn'" n m* v 



This ^ivcs Lcgcndre's standard K. I. Ill, 

/' M ,' /( /', 
,/ i -i- n . sin'"</> A</i' 

where we put - 3 mi" v > > - K" sin 3 ^, 

, ,. / , i^\ , , , I'tts" ^AV en 11 1.' iln 1 -' v 

Al* w - i - (i w) '' \ t ' ., 'i 

\ H/ x sin- 1 1/' .sn-'ti 

the lummvlisintf midtipluir, /!/. 

The K, I. Ill' arises in the dynamics nf llir ^ymsmiii', lu|),s|ihcrinU prndiiliini, 
and in i'uinsot's hui'ixtlhodi!. It can I in visimlixnl in the Milid iinjjlt' "f u slam 
cone, or in the penmoU'r of llu: recijtrural nun 1 , it jiplicni-ctitiir, w in ilic niujj;- 
nclic potential of Uie circular linse. 

11.61. We nrrivo here al llui ilelinitioiiH tif Ihr fiinctiuiiH in llic tultlrn. Jui'nlti's 
OM arid IIw are normalised by tin: divisors On mid flA', mid \vilh r ' got 1 , 



, - , . 

denoloH ,..., .!(*) ,. 



while Ji(r) yJ(()0 -- r), ('(>') /'(i)o r), noil /*(o) - vl(tjo) - />(o) 

r < 

/H/ \ Y\/ \ -*- 

:t, C(o) 7J(()o) - 

V K 

Then in the former definitions, 

sn ?/ w yV H cA* 



Tlicil, with it- cK, v /A", <^ yoc, . 



mFK * /l W. xn f r - n K <. 7? 
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The Jacobian multiplication relations of his tlieta functions can then be 
rewritten 



D(r -|- s }D(r - .v) - WrWs - tan 8 
A(r -h $)A(r - ,v) 
J)(r -I- s)Ji(r - s) 



Hut unfortunately lor the physical applications the number s proves usually 
to be imaginary or complex, and Jacob! 'a expression is useless; Legcndrc calls 
this the circular form of the K I. Ill, the logarithmic or hyperbolic form corre- 
sponding to real s. However, the complete 33. 1. Ill between the limits o /> <|TT, 
or o < <A", o <c <r, can always be expressed by the E. 1. 1 and II, as Lcgendrc 
pointed out. 

11,6. Tho standard forms are given above to which an elliptic integral must be 
reduced when the result is required in a numerical form taken from the Tables. 
Hut in a pracUcivl problem the integral arises in a general algebraical form, and 
theory shows that the result can always be made, by a suitable substitution, to 
depend on three differential elements, of the I, II, III kind, 



where ,V is a cubic in the variable s which may be written, when resolved into 
three factors, 



in the sequence a>xi>,s' a >,v a > - a, and normalised to a standard form of 
y.ero degree these differential elements are 

,v a ds 

" 

s ~ a ds 

r. *jn; 

, vA* 



TT 

4.J. 

Vsi - s, 



III 
s 



S denoting the value of .V when 4 s <r. 

The relative positions of s and <r in the intervals of: the sequence require 
preliminary consideration before introducing the Elliptic Functions and their 
notation, 
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11,7. l''or the E, I. I ami its rqircscntaUon in u taliuhtr form with 




and utilizing lliii inverse nutation, llu'ii in Hie lir.il interval of tlu> s 



/*! \/.V ' ^ ,V;| I .V'-.V-j \ ,V t '.V^-.V 

indicating tlie sulislitutions, 



.sir 



In Llic next liilerval .V is iu'gati\v, and tin- romndutns K' is ivi|iiiml. 



" "..,,. " 
' - s " ' 



' v ' v fl 
.S' is posilivu again in the ncxl, inlrrvul, ;ui,l Hit- ntodiihm is K. 



V.S 



Indicating the Hulwiltulltms, 



.v.. sin a f/i j- rl fh 
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S is negative again in the last interval, and the modulus K'. 



' . f ' ^IZ|* . s 

J-m -^ i' 



11.8. For the notation of the K. I. II and the various reductions, take the 
treatment given in the Trans. Am. Math. Sue., r 9 o 7j vol. 8, p. 450. The Jacobian 
/eta Function and the AV, 6V of the Tables, are defined by the standard integral 



^^rJ!^ d(l> ~^^ 



or, 

v a- ~ ,v a tiff 



where n is Jacobi's /eta Function, and //, //' the complete K. I. II to modulus 
K, K', defined by, 



The function m is derived by logarithmic dilTeventiation of Gw, 

f/ Ing () . , 

xn if w j 1 - , or concisely, 

. Ow - cxji. fm-it-dit, 
and a function /,H u is derived similarly from 

rfl K 7/ ' 

- ,~ -- 

(In 
^' * K ^" '^g s 'y^ 

C/'lt rfw 

. en ?* dn 
211 -^ 



sn -it 
For the incomplete E. I. IT. in the regions, 



and 

su (j " - or 



n T - . *" i S Ss 

2 " - ......... - 
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* - ^ - - K 8 f ;V| " ;V 

ivL-i:, V-V '' ' v ~' V;i 
f s - *_. A ., /?" * 

J V'si-Ta VS / * - -^ 



V ViVl " *' 



the integrals being < at Llie uppur limit, ,v " <, nr ul lli linvrr limit, -v M , VB 
wlievu o and H cK Ol . 
Ho also, 



,ji s-.v it V.S' ''' 1 " 1 V'-vi'-A'a \/-V (i *')// '/IH' 



x.n 



/Va - ft "/^i '-"S , , C x -v fl f/.v r(A" //) ..... m i'K 

J T- 'i ' V.v " "' V*. ..... S N^ ' ' d - ' lU /v - - //) i' /.it ( -/c 

Similarly, for the variable cr in Hie ruKioiw 

Ji>o r >.va>.f>ff 1 > - "> 
S negative, and 

n ,.,-/ A' I -- ff S\ '" ,Vfl 

BuVA' r 

* ,V| - Xj .V| - ff 



^ " V*i - i . /(//' K' 8 A") I /ii /A' ' 

. '- (((7 f"' 

\/*;"-">; v-2? / *i - ^ s/- >; d /)(//' - - K'W) - /.M /A" 



.. .V, - 0- tiff /'.'. .V| - .* V* 

__ ---- - '- 

r.j, V*i " 

/* cr - 4 

I ..,_...,.-. 

J \/*;"-"> 
r :"-- V!i (/(r /'* P: N/iVi: ' A i/o- ./ // '-> i/ii A' 

./ VifTiS V^i "" ./ *i - ff V S M " (i - /)//' -> m/K' 

f tff ^ &}. dff m r ::..^to (I -y)( A " . /n . *,/*' 
i/n AI -(TV - & >fff vsi - -vs v - 2^ 

M A'fl 0" 'V/A'l "~ Sn ' r *.! "" ff ( '" / ntttt 11-;^ . /i-/ 

'3 I J X->~^ tiff / --:::;..:.,- ...... ;:;.- ^ - (l /)(//' ^A ') -|- XS/A' 

i/ A'l - ff V " ^ *' V-l - $1 V - w 

A^a ~ ff V*i - * 

I ._;_.." .JL.V,.!;, *., 

J , - =TH 



ff (Iff . 

,...=-. , ww .,,,,.Br . _, f r 

" C 



tlieae last three integrals being infinite at the upper limit, ff * Si, tir lower limit 
tr M - co, where / " o, m/K' > , 

Putting c i ov/^ i any of ihc&c forms will give the cumplclt! E, T. IT, 
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11.9. In dealing practically with an E. I. Ill it is advisable to study it first 
in the algebraical form of Weierstrass, 



where .V - 4 -A- - si-s - .sy,v - j a , 2 the same function of- ff, and begin by ex- 
amining the sequence of the quantities s, <r, s h s z , ^ 
Then in the region 

s>si>sz>ff>sa, 

pill, 



, - cr - (, - * m . sn* ,), . , to , 
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But in the ivgiun, 
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making, 

en v ((\\v 



t __^_ J ______ ._, f 

/'. VS ds C *n TT TT/ 

,." V .'~'. - ; / ------- -,; ........ a ll t n ll( 
ff - A- V.S y i" /rmrttairw ^ 

In a dynamical appliailioti the sequence is usually 



cn " 
n ti 



making S negative, and the K. I. Ill is then called circular; the parameter'! 
is then imaginary, and the expression by the Theta function is illusory. 

The complete K I. Ill, however, was shown by Lcgcmlrc to be traclablt 
and falls into Tour classes, lettered (/') (m') t p. 138, (/'), (k 1 ), pp. 133, 134 (Func- 
tions ellipl.iques, 1), 
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